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Abstract

The first aim of this research to solve the direct interior problem in a given region D in
three space R* of a non-homogeneous and homogeneous Helmholtz's equation with boundary
conditions. Secondly, using the Direct Variation method which is used successfully to solve the
inverse problem for determining a form of region in space R over which the Helmholtz's
equation is defined or main about the solution of this equation is available in space R* Numerical
simulation for this case is utilized. Some of the results tabulated, indicated that the direct

variation method is reliable in solving mathematical inverse problems.
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Introduction

The direct interior problem which is concerned here to determine the solution of the
non-homogeneous Helmholtz equation in a region D in space R* with homogeneous boundary
conditions. This problem can be solved by using the variation method (Ritz Method) as an
inverse problem of calculus of variation [3, 4].

While the inverse interior problem that has also been considered here is to determine
the shape of a region D in space R® in which the non-homogeneous Helmholtz equations is
defined when the values of the solution of this equation are given at a finite number of a given
points which lie in the unknown region and some of these points lie on its inverse problem is
solved by using the direct variation method which is first used to solve an inverse eigenvalue
problem, [5] and secondly used to solve the inverse acoustic scattering problem to determine a
region D in space R’ [6].In this method the problem of determining the unknown region is
transformed to determine unknown parameters of the unknown region. Such parameters are
determined by using a discrete form at least square approximation which named by representing
a nonlinear optimization problem, the constrained Hook and Jeeves method becomes efficient

in solving that problem, [1,7].

The direct interior problem for Helmholtz equation with its solution

The Statement of the problem:-

Let the region D be defined in three-dimensions as:

D={(x,y.z):—a £ x € a,~h(x) £y £ h(x),—g(x,y) £z < g(x).}.

The non-homogeneous Helmholtz equation in three-dimensions is;

(V2+ kNyu=f onregion D 0

where u: D= R, u € C*(D)ard f:D-R.f ¢ (D).
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L is a linear operator defined by:

2 ¥ aa
V=
ﬂx‘_l_ a_}f_}'az‘

)

72 is a Laplacian in three dimensional coordinate in the interior region D k= wave number,
where k"2 is not an eigenvalue of the associated homogeneous problem and k"2€R,D is a

bounded regular domain in the three space (R3).

Assume that the bounded condition associated with equation (1) is

u=0 ondD. 3)

The direct problem is to find the solution of equations (1) and (3) in the region D.

Variational Formulation of the problem:-

Before solving equation (1) &(3) in the region D, it is very important to mention that
problem has a unique solution, since & is not an eigenvalue for the associated homogeneous

equation [4].

For solving this problem using the variational method (Ritz Method), it must be formulated as

a variational problem. To make such formulation, first let = %: ¥ = be the symmetric, non

degenerate, classical, bilinear form defined by:

< U,Y = “f_ffﬂ uvdzdydx, @

where ;D —+Rand v:D—=R.
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The linear operator L in (2) is symmetric with respect to the non-degenerate classical bilinear

form (4), that is to say:
< Lu,,u; 2=<Lu,u; >,
Where uy = u,(x, v,z) and u, = u,(x,¥, z), both satisfying the boundary condition

(3), and both belong to the domain of definition of L. Consequently, the critical points of the

functional

][u]=%<Lu,u >=<f,u > (6)

are solutions of the boundary value equations [1,3] and [4].

Equation (6) can be formed as:
Ju] = ifffD(uxx +uyy +u,, + kK*u?)dzdydx — [[f, fu dzdydx, (7)
Upon using divergent theorem, and vanishing of u on the boundary, equation (7) becomes
Ju] = %fffD(u,zc +uj + uZ — k*u® + 2fu)dzdydx, 8)

Solution of the variational problem:-

To find the solution of u which is the critical point of equation (8), the Ritz method will
be used[3]. The procedure utilized here, can be described by using the following steps:
Step 1: The solution of u is approximated by a linear combination of elements of a complete
sequence of functions {Q(x, y, z)} defined over the region D and each function vanishes on D.
In other words,

uy(x.y.z}) =3, 0, Q, (x..2) )
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where @4, @o; Qg; = ; @y cocfficients to be determined. These functions can be defined
as follows
Ql = (ZZ’ gz(xa)')’ Qz — I‘?}_a Qs V‘?}_ Qa. ZQy Qs —xq‘?:l,

Qs = x2¥Q4,, @y =x2Qy Qs =¥%Q,,,,05 = ¥2Qy, 010 = Z°Q,, where = %(xyz)
Vi =1,32,..,10.

(10)

It should be mentioned that the above procedure can used to define other elements of the
sequence of functions defined over the region D, and each of these functions vanishes along the

boundary D. However, in this work N is taken to be in equation (10).

Step 2: Substituting u as given by expression (9) and its first partial derivatives with respect to
x,y and z for their corresponding terms of u in equation (8), one obtains the following function

for the unknown parameters a,,:

u= =20, (2% 0. 2%) + (¥er.22) + (20, )~ R2(5Yes0, 007 +
2 TV_a '-?g) dzdydsx.
(11)

where @ = (a,a,, a3, ...ay),Q, = Q,(x,y,z) and f = f(x,y,z).

Step 3: To find the critical points of equations (10), one must determine the unknown
parameters such that at such values equation (10) has a minimum value. The problem is thus
reduced to find the minimum of function (10) with respect to a , such problem is a non linear
optimization problem. In this work it is solved by using unconstrained Hook and Jeeves method,
Step 4: Substitute the resulting values for a,, a,, as, ... ay from the last step in equation(9) to

obtain the approximate solution u, (x, y, z) of equations (1)and(3) in the region D.
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Numerical Example:

Consider the direct interior problem for Helmholtz equation that have been discussed

before, let a Helmholtz equation is given by:

Uyy + Uy + Uy, + k*u? = f(x,y,2) onregionD

where
c? c? 2¢?b%+2c%a? 2¢? c?
[y =2(c =5t = 5y?) (o) +2(1- 22 = 5y7) +
2 2 2 2
k? (z+cz—;—2x2—2—2y2)(z—c2—%xz—;—zyz) (12)

a=1b=15c=2 and k=2.1.
associated with the boundary condition,
u=0 onaD.

The region D in section 1.1 is used, where,

h(x) = /bz - (%x)z and g(x,y) = c? (1 —a—12x2 —bizyz) (13)

A computer program is written and is used to solve the direct interior problem for
Helmholtz equation which is considered above. The problem is solved by using the
unconstrained Hook and Jeeves method optimization method to minimize function (10) with
respect to the unknowns a,(n = 1,2,3,..., N) which are the coefficients of the approximate

solution (9) where N=10 are tabulated below:
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Table (1), The results of solution by computer program for Helmholtz's equation for

different value of a,b and c. b and ¢

n Xn
1 0.99927

2 0

3 -1.94289x10716
4 1.94289x10°1¢
5 7.89x10*

6 1.99429x10°1
¥ 1.94289x107'
8 -3.89999x10*
9 0

10 8.39999x10

The ilnverse interior problem for Helmholtz equation in R3

Description of the problem:-

The previous part (section 1) us devoted to the solution of the interior direct problem
for Helmholtz equation in space R? in which the solution of the equation is found over the
interior of a given region. Determination of the inverse of this problem is the region D when
the solution of Helmholtz equation is given over a subset I' ( at discrete points or otherwise ) of
the region D. In both cases (direct and inverse) it is assumed that the solution vanishes over the
boundary (known or unknown) of region D.

Before indulging in the details of the steps for finding the solution too worthwhile to
mention that the unknown region may not be cubic; hence it is assumed that the boundary oD

of the region D can be expressed by:
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y =a,(x) wherey <0
y = a,(x) wherey >0
z = by(x,y) where z < 0
z = by(x,y) where z > 0

}for—a<x<a
dD =

(14)

}for —a(x)<y<a(x)and —a<x<a

Mathematical Statement of the Inverse Interior Problem of Helmholtz Equation:-

Before using the direct variational method, the boundary of the unknown region must

be approximated by functions with unknown coefficients.

From the definition of 0D as is given in equation (14) it seems that to determine the

region D it suffices to determine the unknown interval (-a,a) and the continuous functions:

hy;:(—a,a) — R, h,:(—a,a) — R,

(15)
g1: (—a,a) X (—=b,b) > R, g,: (—a,a) X (—b,b) — R*
where be R
such that:
h,(—a) = h,(a) =0 for n=1,2,
and
gn(=a,0) = g,(a,0) = g,(0,-b) = g,(0,b) =0 for n=1,2,
Now, assume that:
L L
_ _ )
hl(x! a) = z &)Xy h2 (X, ﬁ) = z ﬁrxr ’
=0 =0
N M N M
91(x,y,7) =€ z z Ysex*y*t and g, (x,y,7) = z nstxsyt}l
t=0s=0 t=0 s=0
(16)

For all xe(-a,a),ye(-b,b) where @ = (ayaty ...,a;), L = (BoBi -\ LL),
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7 = V00, Yo1r ++» Ym0 Yo1, Y11s =+ » Yb1s s Yo, Yans Vanos 0 Yun)
n= (7700:7701: wor Mmo> Mo M11s -+ > M1y > Non> TN 12N, ---:yr]MN)

And a,.,-YsiNst are unknown real numbers (for r=0,1,...,L;s=0,1,...,M; t=0,1,...,N) which
will be determined.

The unknown region can be approximated by the region as well as
D(a, @ B,¥,1) = {(xy.2)|x€ (—a,a),y € (h;(x @), h,(x, @),z € (g1 y, 1), g1 %y, 1)

To make the analysis easier it is assumed that:
i-The unknown region is convex.
ii-The unknown region in xy-plane is symmetric about the both x-axis and y-axis.
iii-The unknown region is symmetric about xy-plane.

If the unknown region is convex, it is advisable to assume that the approximate region
D(a, o, B,v.1 ) must likewise be convex. This is insured if one assumes that the polynomials
approximating the functions h,(x, &) and hz(x, B) in the definition of the unknown region D
must at most of order 2, that is L=2. From conditions (15.a) and assumption(ii) one can be

obtained that the functions h; and h, can be defined in the form

h,(x,a,b) = — /bz —E—ZXZ and h,(x,a,b) = — sz —Z—ZXZ (17)

where a and b are unknown real numbers, to be found. From conditions (15.b) and assumption

(iii), it follows that the functions h; and h, can be defined in the form
g,(x,y,a,b,c) = c?(1 —x?%/a? —y?/b?) and g,(x,y,a,b,c) = —g,(x,y,a,b,c) (18)

where ¢ is unknown real number to be determined of the unknown region D(a, a, B, T/,ﬁ)

becomes in the form
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D(Z) = {(x,y,2)|x € (—a,a),y € (hl(x, a,b),h,(x,a, b)),z €
(81(X'y' a, b: C): g1(X; Y4 b: C)) X, y,z € R} (19)

where T=(a,b,c) and a,b, and ¢ are unknown real numbers to be determined.
The essence of the direct variational method for solving the inverse problem is to determine the

unknown parameters a,b and c using the discrete least-square approximation:
, _ _n2
Min H(D) = X1, %, 2K [u(x, ;) = va (%, 3,210 D) (20)

where u(xi, Y Zk) are the given values of the solution of problem (1)-(3) in the region D at the
point (Xi, Vi Zk) in the set I', while u,(X;, yj, Z, T) are the values of the approximate solutions

of the same problem, but in the region D (T) evaluated at the same point (Xi, Vi Zk) of I.

Relation (20) is unconstrained non-linear optimization problem for the unconstrained

Hooke and Jeeves method used (3) & (4).

The direct variational method for solving the Inverse Interior Problem of Helmholtz

Equation:-
The direct variational method is used for solving the inverse interior Helmholtz

equation. In this case to calculate the objective function H(T) one must solve the linear partial

differential equation

Uyy + Uy + Uy, + k2u? = f inD(D), (21)

where f= f(x,y,z) is defined in (12),with the boundary condition

u=0 on D(T). (22)
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The variational method as discussed in section (1) for the solution of the direct problem
is used for solving equation (21)-(22), at any iteration € of the Hooke and Jeeves method given
solution u, (%j,¥j, Z, T¢) in the region D(T). This solution together with the given solution
u(x,y,z) are evaluated at each point (Xi,y]-,zk) in the set I' © D. To calculate the objective
equation (20) at T = T¥, It is important to mention that the Hooke and Jeeves method is used in
this work.

Firstly it is used to minimize the objective equation (20),to find the vector of the
unknowns T = (a, b, c), at any iteration € of this method. Secondly the method is also used
simultaneously to find the solution u, (X;, yj, Z, T¢) of equation (21)-(22) in the region D(T¥).

It is too important to refer here for the Hooke and Jeeves method (to find the unknown
coefficients in the solution u,at any initial € in the first use of the Hooke and Jeeves method

for solving the optimization equation (20).

Numerical Simulation:

To avoid the need for experimental measurements, that is hard to achieve, the following
numerical simulation is used to check the usefulness of any new technique. The results of the
direct problem which is considered in section (2.4) are used as a given values of the solution

(measurements) at each point of the set I' which is defined in the form:

I'={(xyy;z)] —1 <% < 1,hy(x) <y < hy(x), —81 %0, ¥j) < 2z < g,(xi,y;) for
i=12,..Lj=12,..,Lk=12,..K}

where

hy(x;) = \]2.25 — 1.125x%, hy(x;) = —h,(x;)

92(x1,y;) = 4(1 — x? — y;%/2.25) and g, (x;,¥;) = — — g2(x1,¥}).

To solve the inverse the unknown region D is approximated by the unknown region D(7T)

defined in equation (19) where T = (a, b, ¢) and a,b unknowns to be determined.
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These unknown parameters are determined by using the direct variational method that depends
on minimizing (20) with respect to these unknown, and which are solved by using the
unconstrained Hooke and Jeeves method. A computer program is used to solve the interior
problem. In this program the non-linear optimization equation (20) is solved for different initial
values of the unknowns a,b and ¢ with each initial values the initial step lengths h=0.1,h=0.5

and h=1 are used 9in the method of Hooke and Jeeves.

Table (2), The results for a,b and ¢ the approximate values of the coefficients a,,(n=1,2,...,N)

in the approximation solution equation (9) with N=10 are tabulated below: a=1,b=1.5,c=2,

e -G

a

n Xn
1 0.998968

2 5.420926x10®
3 2.9417344x10°®
4 1.853727x1077
5 8.5010249x107
6 -4.1453167x103
7 -2.9147264x107
8 -4.298106x10*
9 -17257731x1073
10 1.2229377x1073

Remarks and Conclusions

1.The initial values of the unknown parameters can be chosen such that the region which is

obtained using these initial values contains the given points that the solution of this problem.
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2. The convergence of the numerical method is ensured by the convergence of the direct Ritz
method for variational problem, and by the convergence of the algorithm used to solve the non-
linear programming problem.

3. The numerical integration method in the problem has been carried at using the Gaussian
quadrature integration method of order 7.

4. The inverse problem is solved for different initial values of the unknown a, b &c and for each
such initial values, different step lengths in the optimization method of Hooke and Jeeves are
used. The approximate values of the above unknown coincide with their corresponding exact

values. And for simplicity, we give the results of one execution.
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