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Abstract

The bounds for the Fekete-Szego coefficients |a; — pa3|are derived of certain subclasses of

star like ,convex and bazilevic functions involving quasi-subordination.
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Introduction

LetU = {z: z € C,|z|] < 1} be the open unit disk and A be the class of all analytic
functions in U normalized by f(0) = 0 andf’(0) = 1of the formf(z) = z + Y-, a,z".

Any two analytic functions f and g , the function f is subordinate to the function g,are
written f < g, provided there is an analytic function w(z) defined on U with w(0) = 0
and | w(z) | < 1suchthat f(z) = g(w(z)). In particular,if the function g is univalent in

U, then f(z) < g(z) is equivalent to f(0) = g(0)and f(U) < g(U).see [5] Now, an
analytic function f is quasi-subordination to an analytic function g in the open unit disk ,is
written f(z) <, g(z) if there exist an analytic function y and w , with .ip(z) | < 1,w(0) =

Oand | w(z) | < 1suchthat f(z) = Y(z)g(w(z)),see[13]

Note that if (z) = 1, then f(2) = g(w(2)), so that f(z) < g(z) in U. Further, ifw(z) = z,
then f(z) = Y(z)g(z) and it is said that f is majorized to g and written f(z) << g(z)

in U.Also, we can see that quasi-subordination is generalization of subordination as well

as majorization. For more information see the works related to quasi-subordination in
[3,7,10,12].

Let @ be an analytic function with positive real part in the unit disk withU, @(0) =1

and @(0) > 0 that maps U onto a region starlike with respect tol and symmetric with

respect to the real axis, Ma and Minda [5] defined the following class

iy _ 2f'(2)
57(9) = {f € A: @ ¢(Z)}- (1)
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A function f € S*(@)( is called Ma-Mindastarlike with respect to @.The class C (@) is
the class of function f € A forwhich1 + zf"(2)/f'(z) < @(z). The class $*(@) and C(9)

include several well-known subclasses of star like and convex functions as special cases.
Several authors have discussed various subclasses of the well-known Bazilevic function(see
for details [4,12]) of type Afrom various viewpoints such as boundary rotational problems
,subordinations relationship, and so on . It is interesting to observe that the earlier
investigations on the subject do not seem to have addressed the problems involving
coefficient inequalities and coefficient bounds for these subclasses of Bazilevic type functions

especially when the parameter A > 0.

Now, consider the function

1412 5 4
w(z)—l_l(z)—1+wlz+wzz + wgz® + - (2)
Then
1 2
l(z) = E(WIZ + <w2_ WTI> z% + ) 3

Here ,we define the following classes motivated by [9,13,12].

Definition 1.1 :Let the class Sg (@ (z))consist of functions f satisfying the quasi-subordination

zf'(2)
f(2)

—1<,0(z) - 1. (4)

Definition 1.2:Let the classR, (@(z)) consist of functions f satisfying the quasi-

subordination
fl(z)—1<40(z) -1 (5)

Definition 1.3:Let the class C;(@(z))consist of functions f satisfying the quasi-subordination
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zf'(2)

"

—-1<,0(z)— 1. (6)

Definition 1.4:Let the class £ (@ (a, z)), (@ = 0)consist of functions fsatisfying the quasi-

subordination

of' D\ (, " @\ ~
( f@) (1+ f,(z)) 1<, 0(2) — 1. )

Definition 1.5:Let the class B} (@(z))consist of Bazelivic functions f satisfying the quasi-

subordination

2'@) f@),; .
f(Z)( ) —1<,0(2) -1, (8)

where A > 0.

In this paper , we obtain Fekete-Szego inequalities for the classes

S:(0(2)), Ry (D(2), C;(D(w(2)), L;(®(at, 7)), and BY (@(z)).Several closely-related
function classes are also considered and relevant connections to earlier known results are
pointed out.Functions in the above classes are analogous to the a- convex functions of Miller
etal.[10] and a-logarithmically convex functions introduced by Lewandowski et al. [8],see
also[14].

Many researchers have investigated the bounds of Fekete-Szego coefficient for the various
classes [1,2,7,11,12].

In order to prove our results, we need the following lemma due to [6 ]. Lemma 1.6:If weQ
(the class of analytic functions w normalized by «+(0) = 0)and |w(z)| < 1,then for any

complex number t

lw, — twf| < max{1;|t]}. €)
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The result is sharp for the function w (z)=z% or w(2)=2z

Coefficient bounds

By making use the Lemma 1.6, we prove the following bound for our classes

$5(0(2), Ry(8(2), Cq (B(w(2)), Ly (2(a, 7)), andB} (2(2))

Let f(3) =3+ a,z%2+azz® +,0(z) =1+ 0Q; + Q2% + Q33> + --andy(z) =
Co+ ¢13 + ;32 ,where Q; € R and Q; > 0.
Theorem 2.1: Let f € A belongs toS;(@(2)). Then

Q1
NG
la,| )

< 1 1113
las| < Z(Q1 + maX{Q1»E(Q1 +1Q2| - Q1)})
for any complex numberp
2 1 1 2
las — a3 | <7(Qu +max{@u5 (11— kDQE + Qi + 12D,

Proof: Let € S, (¢(z)).Then there exist analytic functions y and [, . with|y(2)| < 1,1(0) =
0 and|l(z) < 1|such that

#f' (@) ~
Since
zf'(z) B
D 1=ayz+ (—a5+2a3)z* + - (11)
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1 1 2 1
(D(l(z)) -1= §Q1’W1Z + ( ‘EQl (’Wz —%> + ZQZ’“HZ)ZZ +-- (12)

1 1 2 1
Y()D)I(z)—1= §Q1CO’W1Z + ( ‘E Q1 <CO’W2 - CO;%> + ZQZ’“HZ)ZZ +-- (13)

It follows that

_ Qicury
a, = 2

1 1
a3 =4 [coQrwy + Qzcw + 250(01200 — Q; + Q)wf]
Since ¥ (z) is analytic and bounded in U,we have
lcpl <1 —=|col> <1 (n>0). (15)
By using (15) and |w, | < 1, we obtain
a, < —. (16)

Also,

1 1
az —pa; = Z(Q1C1 wy + Qicow, + ECO(QZ — Q14 Qfco — coQy Y)w?).

Then

)-

) 1 1 0, )
|a3—ya2 |SZ(| Qicowq| + Q1CO(W2—E(Q_—1+Q1 Co — Co )W
1

By using |c,| < 1and |w, | < 1, we have

1
|a3—ua% |S%(1 +|’W2—§(—(1—2M)Q1 C0+1_%)’W12)
1

Applying Lemma 1.6 to
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1 QZ 2
| w: =5 (-1 =200, e +1 Ql)
Yields
1
|a3 — pas | < &(1 + maxl1, |—(—( 1—-2u)Q, co+1 —&>
4 2 Q1
Note that

Q2

A :

1 1—-2 +1
E(_( —2m)Q; ¢o + T'lod =3

)

(Q1 i1 = 2uf+ D=2

therefore, we have

Q1

las — pa3 |<—(1 +max {1,= (l(l—Z,u)IQ1 +1+ = 2

Q

.

For =0, the above will reduce to|as].

Theorem 2.2 : Letf € A and satisfies

zf'(z)
Oy 1K0(z)-—1.
Then , we have
la,| < %

1 1
las| SZ(Q1 +§(Q12 +1Q21 — Q1))

1 1
and, for any complex number p, |az — ua3 | < Z(Ql + E(Il —uDQ?+ Q, + 102D
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Proof:The required result obtains by setting [(z) = z in the proof of previous theorem

Theorem 2.3 : Let f € A belongs toR;(®(z) .Then

Q1

a,| < —
;| <

1 1
las| < E(Ql + maX{Q1’§(Q1 + |Q2|) b

for any complex number p

Ja — a3 | < 2: +max(Q5 (0 +3QFIul +10:1 )
Proof: Let f € R;(®(z)).Then there exist analytic functions i and , with [ (z)| < 1
1(0) = 0and|l(z) < 1| such that
@) - 1= ¢ DIE) - 1. (17)
Since
f'(®)—1= 2a,z +3azz + - (18)

It follows that from(17),(18)

Q1cow
a, = 4 (19)
1 1 5
as = g [c1Q,w + Qicowy + ECO(Ql — Qwi].

Since Y () is analytic and bounded in U,we have
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lcpl < 1=|col*> <1 (n>0). (20)

By using (20) and |w, | < 1, we obtain

a, < —. (21)

Also, by using |c,| <1 and |u, | < 1, we have

Q1 1 3 Q,
|[as —paj | < 6<1+| _E(1+ZCO#Q1 o )w1 )
Applying Lemma 1.6 to
1 3 Q-
|w2 _5(1 +ZC0”Q1 - Q_1)w12 ,
yields
Q1 1 3 Q,
— uaj | < ?(1 +max1,z| 1 +ZCOHQ1 L Q_1 )
Since
1 3 Q, 1 3 0, )
- d 7] I B _ %)
2|1+4 pcoQq 0. = 2( + 7 Iulleol @ 7

and |cy | < 1 therefore, we have the result

Theorem 2.4 : Letf € A and satisfies
f'(z2)—1<0(z)—1.
Then , we have

Q1
< -
la,| 4

1
las| —6(Q1 +§(Q1 + 1Q21)).

Vol: 12 No:3, July 2016 76 ISSN: 2222-8373



o
&

A JOURNAL FOR PURE SCIENCES

Coefficient Bounds For QUASI-Subordination Classes

Abdul Rahman Salman Juma

and, for any complex number p,

1 3
(Q1 +§(Q1 + ZQ12|M| + |Q2D)

1
— ua? -
las —ua? | < c

Proof:The required result obtains by setting [(z) = z in the proof of previous theorem

Theorem 2.5: Let f € A belongs toC;(®(z)).Then

la,| s%.
1 1
las| SE(Q1 +maX{Q1,§<1 + Q7 + %)D

for any complex number p

b

Q:

1- 2]+
— Sk
Q1

2

2 1 1 2
laz —pa3 | < E(Ql - maX{Q1,§<1 + Q1

Proof: Let f € C;(®(2)). Itis easy to show that

<1 +Zf’(z)

—1)|—-1=2a,z +2(-2a5 +3a3)+z+--.
f(Z) ) 2 ( 2 3)

The proof can now be completed as in the proof of Theorem 2.1.

Theorem 2.6 : Letf € A and satisfies

zf'(z)
o) 1<K0(z)—1.
Then , we have
Iazl < %
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< 1 1 )
las| < E(Q1 + 5(1 + Qf +102)

1-2u) + I

Proof:The required result obtains by setting w(z) = z in the proof of previous theorem

and, for any complex number y, |a3 — pas | =1 (Q1 (Ql + Q2

Theorem 2.7Let f € Abelong toL; (0(2) ,a = 0and f =1 — a. Then

Q1
la,| < Zla + 267
Q, |2((a+2ﬁ)2—3(a+4,8))|
las| < m (20, + maX{ZQp Q: + (@ + 2)? + 1021 1D,
for any complex number p
2 28)* -3 4p)) — 3
o= a3 | < 525 201+ max{20,.0, e At K@, 21

Proof: Iff € L;(@(2) .1t is easy to show that

zf'(2)" (1 . Zf”(z)>ﬁ

1 2 2 24 ...
0] [0) —1=(a+2B)az + E(((a +28) 3(a+4B)ay* + 4(a + 3B)az)z” +

wy?\ 1 2

1 1
Dl(z) —1= E Qw17 + ( ‘E Q1 (’Wz >

1 1 2 1
Y(z)(D)I(z) —1= 2 Qicow1z + ( ‘E Q1 (Cowz - Co’L;ﬁ ) + ZQZ’MHZ)ZZ + - (23)

The proof is similar to the proof of Theorem 2.1.

Theorem 2.8 : Letf € A and satisfies
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4 a 144 ﬂ
Z;((j)) (1 + Z;,é?) -1 K 0(z)—1.

Then , we have

Q1
|az|3m,
Q |2((a + 28)? = 3(a + 4pB))|
las| < W(Q1 (a + 2B)? Qf+|Q2|),
And for any complex number p
2((a+2B)* —3(a+4pB)) — +3
0y — a3 | <3 (30,4 2+ 2601 £ 3ke £46) — @30 oy | 16

+ 38| (a + 2B)?

Proof:The required result obtains by setting [(z) = z in the proof of previous theorem

Theorem 2.9:Let f € A belong toBY (#(z). Then

Q1
a2l < 357
1 1+2)1-1)
las| < 1+1 (Q:+ maX{Q1»Q1 20+ 1)2 % |Q2|})),
for any complex number p
1 A+2)A-1)—u Q
|a3 —,ua% | = m (Q:+ maX{er Ql ‘ 200+ 1)2 ‘ Q_j })):

Proof: Let f € BY (8(z)). Then there exist analytic functions ¢ and , with| ()| <
1,1(0) = 0 and|l(z) < 1|such that

zf'(z) (f(Z)

o ) 1= vE@OIE -1 (24

Since
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zf'(2) ( f(=)
f(@) "~ 3

Y —1=a,1+ 1)z +%(/1 +2)(a3(A— 1) +2a3))z* + -+ (25)

¢(’W(Z)) = Quunz + (Quw, + Quur®)z* + - (26)

Y@ (@) — 1) = Qicouwi3 + (Qicywy — co( Quwy + Quun?)z? + -+ (27)

It follows that

Q1cow
O a1 (28)
1 Qico(A—1D(A +2)
as 5“_1 [ Qicrwy + Qicowy + ¢o( Q2 — - 02(/—1+1)2 wi?]. (29)
Since Y (z)is analytic and bounded in U,we have
lc,l <1 —|col? <1 (n>0). (30)
By using (30) and |w, | < 1, we obtain
Q1
<
=311 D
Also,
Q%co(A—1D(A+2)—2u
az — paj; = 11 (Q1e1wy + co(Qrwy + (Q — = : 20+ 1)2 Qfco)w?).
Then
a3 —ua3 | < ——1Qscys] +| ¥
az —Haz | = 1+1 Qicqwy Qlco(wz (Q;

_Qfce@-1D@A+2) —2u
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By using |c,| <1 and |ur; | < 1, we have

Q A+2)A—-1)—2u Q
las —pa;| —/1+11 1+ |w, — 20+ 1)? Q160 _Q_j)wf ‘
Applying Lemma 1.6 to
_@D0-D-m, O,
et 200+ 1)? g/ |
yields
Q1 A+2)A—-1)—2pu Q;
las —I«laz|—/1 1 1‘ 20+ 1)? Q1CO_Q_1) ‘
Note that
A+2)1—-1)-2u Q2. A+2)A-1)—-2u &
2(1"‘ 1)2 QlCO Q )wl S Ql|C0| Z(A‘l' 1)2 + Q1 ) |;
therefore, we have
Q1 A+2)1-1)-2u |Q
|a3 _:ua2| <A—(1 + max {1 Ql} 2(/1+1)2 Q_j) |

For u = 0, the above will reduce to|as|.

Theorem 2.10 : Letf € A and satisfies
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'@ @), _ _
f(z)( Z) 1K0(z)—1.

Then , we have

Q4
la| < “A14+1
Qif(A—1)
las| < =TT <Q1+|Qz|+m)-

and, for any complex number p,

A+2)(A—1) - 2u

las _‘ua2|_ﬂ+1 (@ + 20+ 1)2 Q7 +10211))) -

Proof:The required result obtains by setting [(z) = z in the proof of previous theorem.
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