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Abstract 

 In this article convergence of Riesz fractional integral is studied 

by comparing the integrand )t(ftx −  where 1n0 <<  with certain 

functions. Variation of coordinates as well as complex analysis are 

used to prove the convergence. This enables us to use the comparison 

test of convergence widely. 

Introduction 

 Fractional calculus is commonly called generalized 

differintegration which means arbitrary orders (real, complex) 

derivatives and integrals [5]. Its history can dated back to 1695 when 

L.Hospital and Leibniz were communicating whether it made sence to 

define n

n

dx
d  for 

2
1n =  [2,6]. 

 One can state that the whole theory of fractional derivatives and 

integrals was established in the 2nd half of the 19th century [2]. 

 More than twelve definitions were given for fractional 

derivatives and integration [5,9]. 



Fractional calculus does not developed as that of integer order 

because of its lack of geometric and physical interpretation until 2001 

when Podlubny [7] gave an interpretation for Riemann-Liouville 

fractional derivative and integration. 

M. Riesz fractional integral of order n where 0<n<1 is defined 

by 

 ∫
∞

∞−

−= dt)t(ftx)x(f n
n  

 In 1949 Riesz had developed a theory of fractional integration 

for functions of several variables [6]. 

 Bassam 1951 in his Ph.D. thesis showed the equivalence 

between two definite integrals of arbitrary orders given by Holmgren 

and Riesz [4]. 

Convergent Integrals 

 The generalization of the integral ∫
b

a

dx)x(f  where [a,b] is finite 

interval and f(x) is continuous function in this interval or has a finite 

number of discontinuities of the first kind to cover the case when f(x) 

has an arbitrary set of discontinuous points while remaining bounded 

leads to Riemann integral. 

 If the interval [a,b] is infinite or f(x) is unbounded in a 

neighbourhood of a finite number of points then these integrals are 

called improper. 



 The name of improper integral of a function f(x) in a semi-open 

interval [a, ∞ ] is defined as  

 ∫ ∫
∞

∞→
=

a a

dx)x(fimdx)x(f
l

l
l  

 If this limit exists then the integral is called convergent 

otherwise divergent or the integral does not exist. In this case we 

notice two possibilities: 

1- ∫∞→

l

l
l

a

dx)x(fim  equals ∞  or ∞−  

2- ∫
l

a

dx)x(f  does not tend to a limit whether finite or infinite. For 

example:- 

∫
∞

∞=
o x

dx   (divergent) 

∫
∞

∞→
−=

o

)cos1(imdx)xsin( ll
l

 does not exist, in fact it oscillates 

between 0 and 2.  

Geometrically this improper integral expresses the area between 

a curve and it’s asymptote [3,9]. 

An improper integral is called absolutely convergent if it 

converges after replacing f(x) by |f(x)|. But if it is convergent but not 

absolutely convergent then it is called conditionally convergent. 

Tests of Convergence [3,9]: 

(1) Cauchy test 



 ∫
∞

a

dx)x(f  is convergent off ll >ρ>∀∃>ε∀ qt.s0  then  

 ε<∫
q

p

dx)x(f  

(2) Suppose that for all values aNx ≥>  the inequality )x()x(f ϕ≤  

holds. If  ∫
∞

o

dx)x(f convergence absolutely then so is ∫
∞

a

dx)x(f . 

Note:- ∫∫
∞

∞− ∞−→
∞→

=
l

l
l

mm

dx)x(fimdx)x(f  

Where ∞→l  and ∞−→m  are independently of each other. 

The Main Result 

 Now we show the convergence of Riesz integral by compairing 

the integrand )t(ftx n−  with certain functions. 

Theorem (1):- If 2

n

t1
1)t(ftx)t,x(G

+
≤−=  then 

∫
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= dt)t,x(G)x(f n  converges absolutely. 

Proof:- 
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 )x(f n∴  convergence absolutely. 



Theorem (2):- If ( )( )2222
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Proof:- 

 ( )( )dt
btat

tcosIdt)t,x(G)x(f
22221n ∫∫

∞

∞−

∞

∞− ++
=≤=  

Now we calculate I1 

( )( ) ( ) 0ba,
a
e

b
e

babtat
dttcos

ab

222222 >>













−

+
π

=
++

−−
∞

∞−
∫  

it
eRetcos =  

( )( ) ( )( )∫∫
−

∞→

∞

∞− ++
=

++
=∴

R

R
2222

it

R22221 btat
dteimRe

btat
dttcosI l  

 ( )( )∫ +π=
++C

2,10,12222

iz

)bb(i2
bzaz

dze  

  : هوCحیث ان 

  

 ibz,ibz,iaz,iaz 3210 −==−==  

 ( )( )2222

iz

bzaz
e)z(f

++
=Q  

            ( )( )( )( )3210

iz

zzzzzzzz
e

−−−−
=  

C1 
z0 
z2 

R -R 



 ( ) ( )( )( ) 0
321

iz

0 zz,
zzzzzz

e)z(fzz)z( ≠
−−−

=−=ϕQ  

 ( )( )( )321

a

0zz0,1 zzzzzz
e)z(imb

−−−
=ϕ=∴

−

→
l  

 
( )( )22

a

0zz0,1 baiaia
e)z(imb

+−+
=ϕ=∴

−

→
l  

           ( ) 2222

22
a

22

22

22

a

)ab(a4
)ab(eia2

)ab(ia2
)ab(ia2

abia2
e

−
−−

=
−−
−−

−
=

−−

 

          
)ab(a2

ei
22

a

−
−

=

−

 

 ( ) ( )( )( ) 2
310

iz

2 zz,
zzzzzz

e)z(fzz)z( ≠
−−−

=−=ϕ  

( )( ) )ba(ib2
)ba(ib2

)ba(ib2
e

ibibab
e)z(imb

22

22

22

b

22

b

2zz2,1 −−
−−

−
=

++−
=ϕ=∴

−−

→
l

 

 
( )

( ) )ba(b2
ei

bab4

baeib2
22

b

2222

22
b

−
−

=
−

−−
=

−−

 

 ∫
−

∞→
=

++

R

R
2222

iz

1CR
0

)bz()az(
dzeiml  

 



 
)bR()aR(

e
bzaz

e
)bz()az(

e
2222

y

2222

y

2222

iz

−−
≤

++
=

++

−−

 

            

0y,
)bR()aR(

1
2222 ≥

−−
≤  

 ∫∫
−−

−
π

=
−−

≤
++

∴
R

R
222222

R

R
2222

iz

)aR(
R

)bR()aR(
dz

)bz()az(
dze

 

 

 ∫
−

∞→
=

++
∴

R

R
2222

iz

1C
R

0
)bz()az(

dze
iml  

∫ ∫∫
−

−

++
+

++
=

++
∴

R

R

R

R
2222

iz

2222

it

C
2222

iz

)bz()az(
dze

)bt()at(
dte

)bz()az(
dze  

          ( )2,10,1 bbi2 +π=  

∫
−

−−

∞→ 













−
−

−
−

−
π=

++

R

R
22

a

22

b

2222

it

R )ab(a2
ei

)ba(b2
eii2

)bt()at(
dteiml  

     














−
+

−
π=

−−

)ab(a
e

)ba(b
e

22

a

22

b

 

     













−

−
π

=

−−

a
e

b
e

ba

ab

22  

C1 

C1 



( )( ) ( )( )∫∫
−

∞→

∞

∞− ++
=

++
=∴

R

R
2222

it

R22221 btat
dteimRe

btat
dttcosI l  

        ( ) 












−

−
π

=

−−

a
e

b
e

ba

ab

22  

 

Theorem (3):- If 
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)x(f n  is convergent. 

Proof:- 
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 وذل ك بمقارن ة   Rieszتم ت دراس ة تق ارب التكام ل الك سري المع رف م ن قب ل               : المستخلص
اس  تخدمنا مب  دأ تغيي  ر  .  م  ع بع  ض ال  دوال n<1>0 حي  ث x-t|n f(t)|المق  دار داخ  ل التكام  ل  

وهذا يمكنن ا م ن اس تخدام طريق ة اختب ار      . الاحداثيات ومفاهيم التحليل العقدي لبرهنة التقارب     
  .لتقارب بصورة أوسعالمقارنة بالنسبة ل

  
 

 


