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 يق  دم ه  ذا البح  ث طريق  ة مط  ورة جدي  دة م  ع خوارزمي  ة جدي  دة لتط  وير الحل  ول        :الخلاص  ة

م  ن الممك  ن  .العددي  ة للمع  ادلات الف  روق الخطي  ة م  ن الرت  ب العلي  ا باس  تخدام ط  رق البل  وك      
ملاحظ   ة كف   اءة ه   ذة الطريق   ة وس   هولة الح   سابات فيه   ا حي   ث تم   ت مقارن   ة نت   ائج ه   ذه           

  . ر من خلال بعض الامثلة العددية الخوارزميات مع نتائج متسلسلة تيل
  

Abstract:- 
 The paper presents anewly-developed method with new 
algorithm to modify numerical  solutions for nth-order linear 
differential difference equations using Block method. Moreover, this 
method can be used comparatively greater computational ease and 
efficiency. The results of these algorithms are compared with the 
Taylor series method .Three numerical examples are given for 
conciliated the results of this method. 
Keywords: Differential Difference Equation; Numerical solution, 
Block Methods. 
1.Introduction:- 
 Differential Difference Equations are differential equations in 
which function appears with difference values of the argument and 
which has been developed over twenty years , only in the last few 
years has much effort been devoted to study differential equation s of 
the form 
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 Where F is a given function and kτττ ,....,, 21  difference order k  
[1]. 
 The differential equation (1) is categorized into three types: - 
Equation (1) is called a Retarded type, if the highest- order derivative 
of unknown function appears for just one value of the argument. 
Equation (1)is called a Neutral type, if the highest- order  derivative of 
unknown function appears both with and without difference argument. 
All other differential equation (1) with a advanced types [2,3] . 
 

The main difficulty between differential difference equations 
and ordinary differential equations is the kind of initial condition that 
should be used in differential difference equation differs from 
ordinary differential equation so that one should specify in differential 
difference equations an initial function on some interval of lengthτ , 
say [ ]00 , tt τ−  and then try to find the solution of equation (1) for 
all 0tt ≥ .  
2. Block Method: - 

A Block method provides easy and efficient mean for the 
solution of the many problems arising in various fields of science and 
engineering. The concept of Block method is essentially an 
extrapolation procedure and has the advantage of being self-starting. 
Block method was described for differential equation by Shampin and 
for integral equations was given by Sumaya [4, 5]. 

In this research we employ Block method for finding numerical 
solution for Nth order differential-difference equations. 

Consider the following first order differential equation 

),( ytf
dt
dy

=       With     00)( yty =            … (2) 

A four-order Block method for equ. (2) Computed by: - 

nnn yhyy ′+=+ 22                                               Order 2  



  ٨٨

2/)( 21 ++ += nnn yyy                                            Order 2 

][
2 11 ++ ′+′+= nnnn yyhyy                                      Order 3 

][
2 22 ++ ′+′+= nnnn yyhyy                                      Order 3 

]85[
12 211 +++ ′−′+′+= nnnnn yyyhyy                        Order 4 

]4[
3 212 +++ ′+′+′+= nnnnn yyyhyy                         Order 4 

 Block method of second and third order have been little used 
for ordinary differential equations, in general, and differential –
difference equations, in particular, because they required more 
evaluation of   f  . 
 However the following fourth order Block method which is 
most popular and more efficient for dealling with differential 
equations. 
Let  
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Then fourth order Block method may be written in the form. 

)85(
12 4311 BBBhyy nn −++=+                                               … (4) 

)4(
3 6512 BBBhyy nn +++=+                                                 … (5) 
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2.1 Solution of 1st Order Linear Differential –Difference Equation 
Using Fourth order Block Method : 

 Consider the following first order differential difference equation. 
           )[)),(),(),(,()( ,0 ∞∈−′−=′ tttytytytfty ττ             … (6) 
With initial function 
           )()( tty φ=     for      00 ttt ≤≤−τ                                         
equ. (6) may be solved by Block method if we use the initial function . 
           ))(),(),(,()( τφτφ −′−=′ tttytfty                                     … (7) 
With initial condition 
           )()( 00 tty φ=                                  
       
 For applying the Block method equation (7) by using. (3), (4) 
and (5) we get the following formula. 

)85(
12 4311 BBBhyy jj −++=+   

)4(
3 6512 BBBhyy jj +++=+    

Where
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for j=0, 1, 2… n  
Algorithm (Blo4SN)   
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The numerical solution of (1st order linear differential-
difference equation) using fourth order Block method is computed as 
follows: - 
Step1: set h is step size 

Step 2: Compute   ))(),(),(,(1 τφτφφ −′−= jjjj ttttfB . 

Step 3: Compute ))(,)(,)(,( 1112 hBthBthBthtfB jjjj +−′+−++= τφτφφ  

Step4: Compute   
))2/2/()(),2/2/()(),2/2/()(,( 2121213 BhBhtBhBhtBhBhthtfB jjjj ++−′++−+++= τφτφφ  

Step 5: Compute  

)2)(,2)(,2)(,2( 3334 hBthBthBthtfB jjjj +−′+−++= τφτφφ  

Step6: Compute 
))85(12/)(),85(12/)(),85(12/)(,2( 4314314315 BBBhtBBBhtBBBhthtfB jjjj −++−′−++−−+++= τφτφφ

Step7: Compute 
))4(3/)(),4(3/)(),4(3/)(,2( 5415415416 BBBhtBBBhtBBBhthtfB jjjj +++−′+++−++++= τφτφφ

 Step8: Compute     )85(
12 4311 BBBhyy jj −++=+   

Step 9: Compute    )4(
3 6512 BBBhyy jj +++=+  

Step 10:   Set tj = jh for each nj ,....,1,0= . 
 

2.2 Solution of System 1st Order Linear Differential-Difference Equations 
Using Fourth Order Block Method 

 
Consider a system of first order differential-difference equation such 

as: 
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)),(),...,(),(),...,(),(),...,(,()( 11111 nnnnni tytytytytytytfty ττττ −′−′−−=′  

[ )∞−∈ ,τt           

 (8) 

With initial function 
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Equation (7) may be solved by fourth order Block method if 
     

))(),...,(),(),...,(),(),...,(,()( 11111 nnnnn tttttytytfty τφτφτφτφ −′−′−−=′  
With initial condition 

)()(),....,()( 000101 ttytty nn φφ ==  
For treating system of differential-difference equation 
equ.(3),(4)and(5)we have 

)85(
12 4311 iiiijij BBBhyy −++=+  

)4(
3 6512 iiiijij BBBhyy +++=+  

 

Where 
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For j=0,1,…,n , i=0,1,…,m 
Algorithm (Blo4SY)   
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The numerical solution of (System1st order linear differential-
difference equation) using fourth order Block method is computed as 
follows: - 
Step1:   set h is step size 
Step 2:  Compute   

))(),...,(),(),...,(),(),...,(,( 111111 mjmjmjmjjmjjii tttttttfB τφτφτφτφφφ −′−′−−= . 
Step 3: Compute 
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Step 6: Compute 
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Step 7: Compute 
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Step 8:Compute   

)85(
12 4311 iiiijij BBBhyy −++=+   

Step 9:Compute 
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)4(
3 6512 iiiijij BBBhyy +++=+  

Step 10:  
Set tj = jh for each nj ,....,1,0= . 

 
 

2.3 Solution of Nth-Order Linear Differential-Difference Equations 
Using Fourth Order Block Method 

 The general form of nth–order differential difference equations   
0

11 )),(),....,(),(),(),....,(),(,()( tttytytytytytytfty nnn ≥−−′−′= −− τττ  
With initial function 
           )()( tty φ=      For      00 ttt ≤≤−τ  
Where )( tφ  and its first n-1 derivatives )(),....,( 1 tt n −′ φφ  are 
continuous on interval [ ]00 , tt τ−  
 Obviously, the nth order equation with difference argument 
may be replaced for equations without difference argument, by a 
system of nth-equation of first order differential difference equation as 
follows . 
Let  
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Therefore, we get the following system of the first order equation 
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           ))(),....,(),(),....,(,()( 1 ττ −−=′ txtxtxtxtftx nnn  
The above system can be treated using method prescribed in previous 
sections of this search. 
3. Test Example: 

Example (1):   
Consider the problem, which is 1st order, linear differential 

difference equation: - 
                                                                         
With initial function 

10)( 2 ≤≤= tety t  
While the exact solution is 

10)( 2 ≤≤= tety t  
Take n=10, h=0.1 and ti = ih i=0, 1…n . Fourth order Block method 
used to solve this problem. Their results are obtained by running 
program Blo4SN 
Table (1) presents the comparison between the exact and numerical 
solution using: Blo4SN and Taylor series [6] ,  depending  on least 
square error. 
 

t Exact Blo4SN 
  

Taylor 
series [6] 

0 1.0000 1.000 1.000 

0.1 1.2213 1.2214 1.2207 

tetytytyty 2)1(2)1()()( +−+−′−=′ 0≥t
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0.2 1.4916 1.4918 1.4902 
0.3 1.8218 1.8221 1.8194 
0.4 2.2251 2.2255 2.2216 
0.5 2.7177 2.7183 2.7127 
0.6 3.3193 3.3201 3.3126 
0.7 4.0541 4.0552 4.0453 
0.8 4.9516 4.9530 4.9402 
0.9 6.0478 6.0496 6.0332 
1 7.3877 7.3891 7.3683 

L.S.E. 9.85e-006 0.0011 
Table (1) Solution of Example (1) 

Example (2): - 
Consider the problem, which are systems of 1st order linear 

differential difference equation: - 
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With initial function  



  ٩٧
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 With analytical solution 
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Take n=10, h=0.1 and ti = ih i=0, 1…n . Fourth order Block method 
used to solve this problem. Their results are obtained by running 
program Blo4SY. 
Table (2) presents the comparison between the exact and numerical 
solution using: Blo4SY and Taylor series [6]  ,depending on least 
square error. 
Example (3): - 
Consider the differential difference equation of the second order:            

           0,0)3(
2
1)(

2
1)( tttytyty ≥=−−+′′ π  

with initial functions 
           03cos)( ≤≤−= ttty π  
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can be replaced in system of two first order equations. 
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with initial conditions  
030)0(,1)0( ≤≤−=′= txx π  

  which has the exact solution 
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For the numerical results, least square error is obtained by running 
programs for the algorithms (Blo4SY) and Taylor series [6] for this 
problem. 

t Exat1 Blo4SY

1 

Taylor 

series [ 6] 

Exact2 Blo4SY2 Taylor 

series[6] 

0 1 1 1.000 0 0 0 

0.1 0.9950 0.9950 0.9948 -0.0998 -0.0998 -0.1000 

0.2 0.9801 0.9801 0.9797 -0.1987 -0.1987 -0.1990 

0.3 0.9553 0.9553 0.9548 -0.2955 -0.2955 -0.2960 

0.4 0.9211 0.9210 0.9203 -0.3894 -0.3894 -0.3900 

0.5 0.8776 0.8776 0.8766 -0.4794 -0.4794 -0.4801 

0.6 0.8253 0.8253 0.8241 -0.5646 -0.5646 -0.5653 

0.7 0.7648 0.7648 0.7634 -0.6442 -0.6442 -0.6450 

0.8 0.6967 0.6967 0.6950 -0.7174 -0.7173 -0.7181 

0.9 0.6216 0.6216 0.6196 -0.7833 -0.7833 -0.7841 

1 0.5403 0.5403 0.5381 -0.8415 -0.8415 -0.8422 
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L.S.E 4.88e-9 1.76e-4 L.S.E 5.745e-10 3.67e-6 

Table (3) Solution of Example (3) 

4. Conclusion: 
 Fourth order Block method has been presented for solving 
differential difference equations. The results show a marked 
improvement in the least square errors. For some test examples the 
following points are included 
1-Fourth order Block method gives a better accuracy and consistent 
than Taylor series method for solving nth-order differential difference 
equations  
2-The good approximation depends on the size of h, if h is decreased 
then the number of division points increases and L.S.E. approaches 
zero. 
3- Fourth order Block method solves linear differential difference 
equations of any order by reducing the equation to system of first 
order. 
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