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Abstract

Let R be a ring with identity and Q be a unitary left Module over R. In this paper, we introduced
the concept of p-semi hollow-lifting Module as generalization of semi hollow-lifting Module.
Also, give a comprehensive study of basic properties of p-semi hollow-lifting Modules and

some related concepts.
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Introduction

A submodule E of an R-Module Q is small submodule of Q (E «< Q) if for any submodule U of
Qs.tQ=E+U,then U = Q[5]. A submodule E of Q is semismall in Q (E«Q) if E =0 or for

each nonzero submodule U of E, E/U is small in Q/U [1]. Let E, U be submodules of an R-
Module Q s.t ECUcQ. E is semicoessential submodule of U in Q (ES,.U in Q) if% K %[6].
A nontrivial R-Module Q is semihollow if each proper submodule of Q is semismall in Q [1].
An R-Module Q is semihollow-lifting if for each submodule N of Q s.t % semihollow, 3 a

submodule W of Q st Q = WA®W™ and W SN in Q [10]. An R-Module Q is semilifting
Module if for each submodule W of Q, 3 a direct summand E of Q s.t ES,..W in Q [1].

P-Semi hollow-Lifting Modules

We introduced the concept of p-semihollow-lifting Module and some properties of p-
semihollow-lifting Modules.
An R-Module Q is p-semihollow, if for each proper cyclic submodule is semismall in Q.

Every Semihollow Module is P-Semihollow Module.

An R-Module Q is p-semihollow-lifting if for each cyclic submodule N of Q s.t% p-semihollow,

3 a direct summand W of Q s.t W SN in Q.
Clearly, Z, as Z-Module is p-semihollow-lifting.

Every semihollow-lifting Module is p-semihollow-lifting Module

An R-Module Q have p-semihollow factor Module if 3 a cyclic submodule E of Q s.t % IS p-

semihollow Module.

Every Module which has not any p-semihollow factor Module is p-semihollow-lifting.
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Z as Z-Module is not p-semihollow-lifting, assume Z is p-semihollow-lifting. Let 4Z be cyclic
submodule. Since 42_2 is p-semihollow, thus 3 a direct summand W of Zs.t W S, 4Zin Z. But

Z is indecomposable, then W = 0 implies 4Z « Z , a contradiction.

An R-Module Q is p-semilifting Module if for each cyclic submodule W of Q, 3 a direct
summand E of Q .t ES4..W in Q.

Every semilifting Module is p-semilifting Module

Every p-semilifting Module is p-semihollow-lifting, in particular every semisimple or p-
semihollow Module is p-semihollow-lifting. For example, Z,~ as Z-Module, where p is a prime
number. The converse is not true. For example, let Q be an indecomposable R-Module which
has not any p-semihollow factor Module. Clearly Q is p-semihollow-lifting. Claim Q is not p-
semilifting, suppose Q is p-semilifting and W be a proper cyclic submodule of Q.
Since Q is p-semilifting, thus 3 asubmodule Eof QStE S, WinQand Q=E &
E, for some E; € Q. But Q is indecomposable Module, thus E = 0 implies W<« Q. Therefore,

Q is p-semihollow, which is a contradiction.

Propositionl LetQ = Q;® Q, be a Module where Q; and Q, be p-semihollow Modules.
Then Q is p-semihollow lifting Module iff Q is p-semilifting Module.

Proof: =) Let U be a cyclic submodule of Q and 1; : Q — Q, :and m, : Q —Q, be two natural
projections maps. First case, if m;(U) # Q. and m,(U) # Q,. Thus m;(U) «s Q,; and
1, (V) < Q,. So, by [1], m;(U) & 1, (U) K5 Q:8H Q,. Claim U € 1, (U) & m,(U), letue U
then ue Q =Q;® Q, and hence u =(qy, q2), Where q:€ Q;, g2 € Q,. Second case, assume
Ty (w) = 1;((q1,92)) = q1 and 1, (w) =1,((qs, 92)) = q2. Thus u = (my(u), m,(u)) and get
UcmU) & m,(U) and hence UK Q. Then Q is p-semilifting Module. Now, assume
that t; (U) = Q4, then m;(U) =m;(Q). Thus Q = U +H,. By second isomorphism

theorem, U*% ~ X gjnce H, is p-semihollow Module, then s p-semihollow and hence
U unQ, unQ,
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% is p-semihollow. But Q is p-semihollow-lifting, therefore 3 a semicoessential submodule of U

in Q which is a direct summand of Q. Then Q is p-semilifting.
<) Clear.
One can use the previous proposition to give the following examples:

1. Consider the Module Q = Z>@7Za, clearly, Z; and Zs as Z-Module are p-semihollow Modules.
Since for each cyclic submodule W of Q, 3 a direct summand E of Q s.t E S, W
in Q, thus Q = Z2 @ Za4 is p-semilifting and hence p-semihollow-lifting.

2. Consider the Module Q = Z> @ Zs, clearly, Z>and Zg as Z-Module are p-semihollow Modules.
One can easily to see that Q = Z> @ Zg is not p-semilifting. Thus, Q is not p-semihollow-lifting.
3. Let p be any prime integer. Since the Module Z/p2Z@Z/p3Z is p-semilifting [11, prop.A.7],
then it is p-semihollow-lifting. But Z/pZ@Z/p3Z is not p-semihollow-lifting because it is not
p-semilifting [11, prop. A.7].

Proposition2 Every p-semihollow Module is indecomposable.

Proof: Clear.

Proposition3 Let Q be a Module, if Q is a p-semihollow Module, thus % is a p-semihollow

Module, for every proper cyclic submodule W of Q.

Proof: Let H/W cyclic submodule of Q/W. Since Q is p-semihollow, then H <4 Q and hence
H/W < Q/W. Thus V% is p-semihollow.

Proposition4 An R-Module Q is a p-semihollow Module iff for some proper cyclic submodule

D of Q, % is p-semihollow and D <4 Q .
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Proof: =) Suppose that Q is a p-semihollow Module and D is any proper cyclic submodule of

Q, then D « Q and by prop.3, % IS p-semihollow.

&) Suppose that D <, Q and % is p-semihollow. Let Y be a proper cyclic submodule of

Q. Then Y+D # Q, so %«s%. LetQ =Y +V,whereV < Q,then%:%:%#ﬁ%. But

% K %therefore, Q = V+D. Since D«;Q, then Q = V. Thus, Q is a p-semihollow Module.

Proposition5 Let Q be an R-Module. If Q is a p-semihollow Module then each non-zero factor

Module of Q is indecomposable.

Proof: Assume Q is p-semihollow Module and % non-zero factor Module of Q. Then by prop.3,

% is p-semihollow. Hence, by prop.2, % is indecomposable.

Proposition6 An indecomposable Module Q-is a p-semihollow-lifting Module iff Q is p-

semihollow or @ has not any p-semihollow factor Modules.

Proof: =) Assume Q has p-semihollow factor Module. Thus 3 a proper cyclic
submodule W of Q s.t% p-semihollow. Since Q is p-semihollow-lifting, 3 a direct summand U

of Q st UCSs.W in Q. But Q is indecomposable Module, therefore U= 0
hence W «, Q.Thus by prop.4, Q is p-semihollow.

&) Clear.

Proposition7 Let Q, , ...., Q,, be Modules having not any p-semihollow factor Modules. Thus
Q=0Q,®: - -DQ, is p-semihollow-lifting.
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Proof: Assume Q has a cyclic submodule D s.t Q/D is p-semihollow. Since Q;+D/D+---
+Q,+tD/D = Q/D, 3 i€{1,. . .,n}s.t Q;+D/D = Q/D is p-semihollow. So Q; has a p-semihollow

factor Module, a contradiction.Thus Q is p-semihollow-lifting.

proposition6 gives an idea to find an example of a p semihollow lifting Module that is not p-
semilifting Module. In fact, every indecomposable Module Q which has not any p-semihollow
factor Module is p-semihollow-lifting, but it is not a p-semilifting Module, let E be any
indecomposable Module having not any p-semihollow factor Module and X be a semisimple
Module. If Y cyclic submodule of Q = EEX s.t Q/Y is p-semihollow, then E+Y =Q or X +
Y = Q. Since E has not any p-semihollow factor Modules and E + Y/Y =E/ENY, X +Y = Q.
Since X is semisimple. 3 a submodule D of X s.t X = D@ (XNY). Therefore DY = Q. Thus,
Y is a direct summand of Q. Consequently, Q is p-semihollow-lifting. Clearly Q is not p-

semilifting (E is not semihollow).

Proposition8 Let Q be an indecomposable p-semihollow-lifting Module, If Q has a maximal

cyclic submodule, then it is unique.

Proof: Assume W be a maximal cyclic submodule of Q. Suppose Q has another maximal cyclic
submodule k which is different from W, thus Q = W + K. By [9],% is-a simple Module and

hence p-semihollow. But'Q is p-semihollow-lifting Module, thus 3 a direct summand A of Q
stA S, Win Q. But Q is indecomposable Module thus. 4 =0, hence W « Q implies Q =

K, a contradiction, then Q has a unique maximal cyclic submodule.

Proposition9 Let W be a submodule of p-semihollow-lifting Module Q and Y be a cyclic
submodule of Q such that % p-semihollow and Q = W+Y, then there exists a direct summand D

of Qand D ;.. Y in Q.
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Proof: Let E be a submodule of Q and Y cyclic submodule of Q s.t% p-semihollow. Since Q is

p-semihollow-lifting Module, 3 a direct summand D of Q s.t D S,.. Y in Q. Now, since Q =

E +, then QB _EP LY Butp gsceYinQ,thereforegzﬂ.ThusQ:E+D.
D D D D D D

Let W be a submodule of an R-Module Q. A submodule U of Q is supplement of W in Q. If U
is a minimal element in the set of submodule V'€ Q withW.+ V = Q. Equivalently, Q = W +
Uand W N U << U[9].

An R-Module Q is an amply supplemented Module, if for any two submodules W and D of Q
with +D = Q , D contains a supplement of W in Q [2].

Let Q be an R-Module, and W be a submodule of Q. A submodule V of W is coclosure

submodule of W in Q, if D is a coessential submodule of W in Q and coclosed of Q. That is,

% << %and whenever Y < V with % << % implies Y = V[3].

Proposition10[3] Let Q be an amply supplemented Module. Then each submodule of Q has a
coclosure submodule.
Proposition1l Let Q be an R-Module and let W and V be submodules of Q such that Wc

VcQ,if W <., VinQand % p-semihollow Module then % p-semihollow Module.

~

Proof: By third isomorphism theorem, ~Since %is p-semihollow and W <., V in Q,

<
SESIS

then by prop.4, % is p-semihollow.

A submodule W of an R-Module Q is coclosed of Q (W <. Q), if% << % implies that W =

U forall U < Q contained in W [7].
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Proposition12 Let Q be a p-semihollow-lifting Module, then each coclosed cyclic submodule
U of Q with % p-semihollow is a direct summand of Q. The converse is true if Q is amply

supplemented.

Proof: Assume Q is a p-semihollow-lifting Module and U coclosed cyclic submodule
inQ s.t% p-semihollow. Since Q is p-semihollow-lifting, then 3 a direct summand N of Q s.t

N S, UinQ.ButKiscoclosed in Q,so U = N. Thus, K is a direct summand of Q.

Conversely, suppose Q is amply supplemented Module and each coclosed proper cyclic

Submodule U of Q with % p-semihollow is a direct summand. To prove Q is p-semihollow-

lifting, let W be a cyclic submodule of Q with % p-semihollow. So, by prop.10, W has a

Q

coclosure submodule U in Q. Thus U S, W in Q and U S, Q. Since 5 is p-semihollow,

then by prop.11, % is p-semihollow. Thus, by assumption, U is a direct summand, hence Q is p-

semihollow-lifting.

An R-Module Q have (D3) if for each direct summands Y and Vof QwithQ =Y +V, Y nV
iIs a direct summand of Q [4].

The submodules K and W are called mutual supplements in_R-Module Q, if they are
supplements of each other [9].

Proposition13 Let Q = W + U be a p-semihollow-lifting Module, where W and U are cyclic

mutual supplements in Q with % and % are p-semihollow Modules. If Q has (D3), then Q =

WeuU

Proof: Let Y and D be two cyclic submodules of Q which are mutual supplements in Q, with
%and % are p-semihollow Modules. Then by [3,lemmal.1], Y and D are coclosed submodules

of Q. But Q is p-semihollow-lifting, therefore by prop.12, Y and D are direct summands of Q.
Since Q =Y + D and Q has (D3), thus YND is a direct summand of Q so Q = (YND) &X, for
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some X<Q. But D is a supplement of Y then YND<« D and hence YND « Q. So @ = X and
YND =0. Thus, Q = Y@D.

The following proposition gives a condition under which a direct summand of a p-semihollow-

lifting Module is p-semihollow-lifting.

Proposition14 Let Q be a p-semihollow-lifting Module having (D3). Then each direct

summand of Q is p-semihollow-lifting.

Proof: Let W be a direct summand of Q. Thus Q =W @ W* for some submodule W* of Q.
Let Y be cyclic submodule in W s.t W/Y is p-semihollow. Now, Q/Y = (WW)/Y =
WIYO(W*DY)/Y, By [5, corr.3,44], QIYIW*@Y)/Y = WI/Y, thus by third isomorphism
theorem, Q/Y/(W*@® Y)IY =Q/(W*@® Y). But W/Y p-semihollow, so Q/(W*@Y) is p-
semihollow. Since Q is p-semihollow-lifting, 3 a direct summand V of Q s.t XS, (W*@ Y)
in Q. Now, Q/X = (W @ W*)/X = (W+X)/X+(W*+X)/X. Claim that Q = W*+X(if Q = W*+X)
this implies Q = W* + Y which is contradiction). But by prop.11, Q/Xis p-semihollow, so Q/X
= (W+X)/X. Thus Q = W + X. Thus, by prop.4, WN(W*@Y)/(XNW)<KQ/(XNW). Then X N
W Cgee Y In Q. But Q has (D3), thus XNW is a direct summand of Q and XNW is a direct
summand of W. Since Y/(XNW) < W/(XNW) and W/(XNW) is a direct summand of Q/(XNW),
then by [1], XNWE,.. Y in W. Thus, W is p-semihollow-lifting.

A submodule Y of an R-Module Q is called a fully invariant submodule if u(Y) €Y, for each
u€ Hom(Q, Q)[5].

An R-Module Q is duo-Module if each submodule of Q is fully invariant [8].

Y+0Qq
Y

Lemma 15 [8] Let Q be an R-Module.If Q = Q1DQ>, then % = ® %, for each fully

invariant submodule Y of Q.

The following proposition gives a condition under which a factor of a p-semihollow-lifting
Module is p-semihollow-lifting.
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Proposition16 Let Q be an R-Module. If Q is a p-semihollow-lifting Module, then % IS p-

semihollow-lifting for each cyclic fully invariant submodule U of Q.
w . Q g . .
Proof: Let > be a cyclic submodule of > such that % is p-semihollow. Then by third
D

Q
isomorphism theorem, & =
D

3 a submodule Kof Qs.t K S;.. WinQand Q =VeV*, for some V* € Q. Now, clearly V +

% is p-semihollow. Since Q is.a p-semihollow-lifting Module, thus

D c W and henceV%Dc%. Let f: %—»%beamapdefined by f(g+V)=q+ (V+ D),

@
Svy+D

for all g € Q. Clearly, f is an epimorphism. But V' S;.. W in Q, thus by [1], f (%) <

and hence V+Dc,.,W in Q. Then by third isomorphism theorem, % = % in % . Now, by
lemmals, 9 _ VOV _ V4D @ Y*D Therefore 22 is a direct summand of <. Then < is p-
D D D D D D D

semihollow-lifting.

If Q is a p-semihollow-lifting Module and A is not cyclic fully invariant submodule of Q, then

Q

" need not be p-semihollow-lifting. For example, consider the Z-Module Q = é ® Biz , Clearly,

Q is p-semihollow-lifting [8, Example 2.2]. Let A = g @ 0 be a submodule of Q, then % IS not

Z Z Z
. i -9 = Z VA Z . .
p-semihollow-lifting. To see that: 9:4222 82 ~ 22 @ = then=~ @ Z isnot p-semihollow-
A 4—2690 i 87 A 2Z 87

lifting.

The following corollary gives another condition under which a direct summand of a p-

semihollow-lifting Module is p-semihollow-lifting.

Corollaryl7 Let Q be a duo p-semihollow-lifting Module. Then each direct summand of Q is

a p-semihollow-lifting.

Theorem18 Let Q be a non-zero indecomposable Module over a commutative ring R. Then

the following are equivalent:
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1. Q is p-semihollow-lifting.
2. Q is p-semilifting.

3. Q is p-semihollow.

Proof: 2) & 3) By [1].

3) = 1) Clear.

1) = 3) Let W be a proper cyclic submodule of Q. Since Q is p-semihollow-lifting, 3 a
submodule U of Q s.t Q= UBU" and % K %. Since Q indecomposable Module, then U =0

and hence W «; Q. Thus, Q is p-semihollow.

Lemma 19 [9, p.63] Let f: Q —V be an epimorphism of R-Modules and Q = D + Y where D

and Y are submodules of Q then:

1. V = f(D)+f(Y).
2. If kerf=DnY,thenV = f(D) & (V).

Proposition20 Epimorphic image of p-semihollow Module is p-semihollow.

Proof: Let Q, Q' be R-Modules, Q be p-semihollow and f: Q — Q' be an R-epimorphism, Let
W be a proper cyclic submodule of Q'. Thus f~(W) is a proper cyclic submodule of Q. Since
Q p-semihollow, f~1(W) is semismall in Q, f(f~1(W)) is semismall in Q. Thus, W is semismall
in Q" and hence Q' is p-semihollow.

Proposition21 Let f: Q — U be an epimorphism of R-Modules, let W be submodules of Q and
Y be a cyclic submodule of Q such that Q = Y+ W and kerf = Y n W. If U is a p-semihollow-
lifting Module and W is p-semihollow, then U = Q; @ Q,, where Q; S f(Y) in U and Q,

is p-semihollow.

Proof: By lemmal9, U = f(Y)@ f(W). Since W is p-semihollow, then by prop.20, f(W) is p-

semihollow.Thus, by second isomorphism theorem, % = f(W). So % is p-semihollow. But
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U is a p-semihollow-lifting Module, thus 3 a direct summand Q; of U s.t Q; Sy f(Y)in U.

U _f0efW) _fY) | fW)@Q

_ -
Thus U =Q;Q,, whereQ, € U. Now, Q1 Q Q Q

. This implies
U =f(W) @ Q. By second isomorphism theorem, Qi = f(W) and Qi = Q, therfore Q, =

f(W). Then Q,, is p-semihollow.
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