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Abstract
In this submitted article, we defined new notions of closed sets and called it (p, q)-fuzzy o™-
closed sets in double fuzzy topological spaces. Also, we investigate some characterizations
and properties of the sets mentioned above. As a result, we discussed some new and more
general relationship between (p, q)-fuzzy a™-closed set and it’s generalized which is called an
(p, q)-generalized fuzzy a™-closed sets which was obtained and compared.
Keywords: Double fuzzy topology; (p, q)-fuzzy a™-closed set; (p, q)-fuzzy a™-open set; (p,

q)- generalized fuzzy a™-closed set; (p, g)-generalized fuzzy a™-open set.
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Introduction

The first use of the term of closed sets was study by Levine's [1] in topological space. After
that Chang [2] introduced fuzzy topological space. Later, as an extension of Zadeh’s study of
fuzzy sets [3], Coker [4] defined the topology of intuitionistic fuzzy sets, which the concept
of intuitionistic fuzzy sets was introduced by Atanassov [5]. This concept in 2005 terminated
by Garcia and Rodabaugh [6], when they suggested that the double fuzzy set is a more
appropriate name than intuitionistic and completed that their research project under the name
(" double™ rather than intuitionistic). The generalization of closed set reported by Abbas 2006
[7] and a-closed by [8]. The goal of this article is to continue and to the allocation study
of Fatimah et al. [9,10]. Also, we will generalization the study of some properties of o™-
closed sets in topological spaces by Milby [11], then we investigate the behavior of (p, q)-
fuzzy a™-closed set and its various characterization, after that we introduce the concept of (p,
g)-generalized fuzzy a™-closed set and it's complement (p, q)-generalized fuzzy a™-open.

Furthermore, we establish some of their characteristic and properties with various examples.

Preliminaries

Firstly, we will remained the definitions of the most essential concepts defined in double
fuzzy topological spaces. Suppose X be any non-empty set and I be the closed unit interval
[0,1], Ipy = (0,1], Ig; =[0,1), the set of all fuzzy subsets on X is denoted by
IX. ey is the family of all fuzzy point in X. A fuzzy set 1 is called an (p, g)-fuzzy open
((p, 9) fo ,for short ) if 7(41) = p and t°(1) < q. Whenever, pel,, and g € I,;. A fuzzy set
is called an (p, q)-fuzzy closed ((p, q)-fc, for short) set whenever (1 —21) = p and 7°(1 —
A) < g,when 1 — A is the complement of A. For any fuzzy sets A and u in X, we write Aqu to
mean that A is quasiconcident with u, that is there exists at least one point z € X such that
A(z) + u(z) > 1, Negation of such statement is denoted by A g u such that A(z) + u(z) <
1, whenever fuzzy point in which is special fuzzy set with membership function defined by
zw(y) is equal to to, where y = z and equal to 0 where z different of y for each z in X and to €

IpO.
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Now, we will recall to some of the basic definitions which was already defined by various
authors.
Definition 2.1[6,12] ."A double fuzzy topology space (z,7*) on a non-empty set X is a pair
of functions 7, *: I* — I, which satisfies the following properties:
(01) T(A) <1 —7*(M) foreach A € I*.
(02) t(M41ALy) = (A1) At(4y) and T5 (A A A)< T°(44) VT° (1, ) foreach 44,4, € %,
(03) t(Vier A) = Nier T(A;) and T° (Vier A;) < Vier T7(4;) foreach A; € I*,i € r."
The triplex (X,z, t*) is called a double fuzzy topological spaces (dfts, for short).
Definition 2.2 [5,6 ]. "If (X,7,7") be a dfts. Then double fuzzy closure operator and double
fuzzy interior operator of A € X are defined by:
CoApa)=An{pel”, A <sp t(1-w=zp, T°(A—-w <q},
Le@ p,@=V{el p<tt@ =p (W) < q}.
where pely, and q € [g;withp +q<1."
Definition 2.3. Suppose (X, t, t*) be a dfts. For each A, p € 1%, pel,o and q € Ig;.
1. X is an (p, q)-fuzzy pre-open set (see [15]) (briefly, (p, q)-fp-open), if A<
I +(Coo-(Ap,q),p,q). A is an (p, q)-fuzzy pre-closed set (briefly, (p, g)-fp-closed),
if Coov(ler(L D, q), 0, q) < A
2. L is an (p, q)-fuzzy semi-open set (see [7]) (briefly, (p,q)-fs-open), if A<
Cor(I+(A,p,9),p,q). Aisan (p, q)-fuzzy semi closed set (briefly, (p, q)-fs-closed), if
Lo (Corr(A v, q), 0, @) S A
3. A is an (p, q)-fuzzy a-open set (see[16]) (briefly, (p,q)-fa-open), if A<
L (Corr(Ii=(A p,49),p,q),p,q). Ais an (p, q)-fuzzy a-closed set (briefly, (p, q)-fa-
closed), if Crr+ (I (Cor (4, 0,@), D, q) < A.
4. ) is an (p, q)-generalized fuzzy-closed set (see [7]) (briefly, (p, q)-gf-closed), if
Corvr(Lp,q) <p whenever A< p, (W) =p and t°(p) < q.4is called (p, Q)-
generalized fuzzy open ( briefly, (p, g)-gf-open ) iff 1 — A is (p, q)-gf-closed set.
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5. Xis an (p, q)-generalized fuzzy semi closed (see [7]) (briefly, (p, q)-gfsc) if C..- (4,
q) <uwhenever A<u, t(W) =p andt*() <q. A is called (p, q)- fuzzy
generalized semi open (briefly, (p, q)-fgs-open) iff 1 — A is (p, q)-fgsc set.
6. A is an (p, q)-a-generalized fuzzy closed (see [17] (briefly, (p, q)-agf-closed) if
aCrr+ (A,p,q) < u,whenever 1 < pandp is (p, q)-fa-open set.

(p, )-fuzzy a™-closed set

Now, we introduce the concept of (p, q)-fuzzy a™-closed set in dfts.

Definition 3.1. Let (X, 1, T*) be a dfts, for each A, u € IX, pelyo and q € lgq, a fuzzy set A is
called (p, q)-fuzzy a™-closed set ( briefly, (p, q)-f a™-closed) if I, .« (C;+ (A, p,q),p,q) <
u, whenever A < p and p is (p, q)-fa-open. A is called (p, q)-fuzzy a™-open iff 1-A is (p, q)-
fuzzy a™- closed. From the definition of (p, q)-fa-closed we had reached directly that every
(p,q)- fuzzy open sets is (p, g)-fa-closed and then get the next theorem.

Theorem 3.2.

Every (p, g)-fa-closed set is an (p, q)-fa™-closed set, whenever pely, and q € Ig;

Proof: Assume that X is an (p, q)-fa-closed set in 1%, pelyo and q € Iy, then

Crt (L (Cor (WP, @) 2, 0), 0, @) < A
Let t(u) = p and 7°(u) < q, such that 1 < u. Since every (p, q)-fuzzy open set is an (p, q)-
fo-open, then I o+ (Coor (A, 0,9 )0, @) < I (Ap,q) <A<
Therefore, I+ (C;+ (4, p,q), p,q) < p, thatis A is an (p, q)-fa™-closed set.
Remark 3.3. The converse of Theorem 3.2. is not true in general and can be show that by the
following example.
Example 3.4. Let X = {m, n}, A and p are fuzzy sets defined as:
A(m)=0.4,A(n)=0.4,
n(m)=0.6,u(n)=0.7,

And, vy (m)=0.6, y(n)=0.3.

Defined the dft (1, ) on X as follows , whenever xt € X:
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(1, if 1 €{0,1}, (0, if 1 €{0,1},
~ ifAGEt) =4, ~ ifAGE) =4
tM)=4z, fAGD=p , TW=4z, fi@)=y
o ifAGt) =y, L ifAG) =y,
\ 0, otherwise \1, otherwise

Then, I .+ (Cee (4, .9), P,q) =A=<y=U.
Lis 5, 7 )- fa™closed set, but Cepe (Igzr (Core (3,5 )5 5 515) = 1- I £ A which is not

(%, %)-fa-closed.

Theorem 3.5. The concept of (p, q)-fuzzy semi closed set and (p, q)-f a™-closed set are
equivalent.

Proof: Let A be an (p, q)-fuzzy semi closed then, I, .+ (C;.+ (4, p,q), p,q) < A and T(p) =
p, T°(1) < g such that A < p, p € lpo and q € lq1. Since W is (p, q)-fuzzy open set, then p is an
(p, 9)-fa-open set = Cp .+ (I;+ (Crr+ (A, p,q),p,q) < 1, therefore A is an (p, q)-fuzzy a™-
closed. The conversely is proof directly.

Remark 3.6. The concept of (p, q)-fp-closed set and (p, q)-f a™-closed set are independent
the following examples shows this states.

Example 3.7. Define (t, t¢) on X where, X = {m, n} as:

(1, if 2 €{0,1}, (0, if 2 €{0,1},
~ i AGxt) = A, = ifAGxt) = A,
tM=4z, ifi@d=p tM={2, ifa@n =y
L ifaGD =y, S, ifAGt) =y,

\ 0, otherwise 1 otherwise

1- Take A, u and y are fuzzy sets defined as:
A(m) = 0.4, A(n) =04,
u (m) =0.6, u(n) =0.7,

P-1SSN: 2222-8373
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y(m) =025, y (n) =
Then, I +(C;+(A,p,q), p,q) <Uwhere A <y and U=.
Since Im*(uc,%,%) = ALZy=uU
That is, y is an( % %)-fa ™M-closed.
But, C; . (” ( /1%%)%%) = u¢<£ A .So, 1isnot (%,%)-fp-closed set.
=>1is (%,%)-f a ™-closed, but not (%,%)-fp-closed set.
2- Take A, pand y to be fuzzy sets defined as follows:
A(m) = 0.3, A(n) =04,
u(m) =07, u(n) =0.9,
y(m) = 0.6, y(n) = 0.4,
B(m) = 0.6, p(n) =0.8.
1 1
So, C‘r,‘r* (IT,‘L'*( ,81 p, q)r b, CI) C1:1: (11'1: (0 6 ,0. 8) PR 2) Y 2) C‘r,‘r* (0’ 2 E) -
0 <(0.6,0.8)< B.
~ B is (%,%) —fp-closed set.
If we take § = (0.6,0.3) =8 <I,+(Crr:(I:+(8,p,q),p,q),p,q)
11\ 11
= I (Cm* (0.6, 0-4),5,5) 153)
=L (1,2,9)=1=268<1
= dis G%) — fa-open which is equalU
But, f <I;o(Crr (06,08),5,0) <lpp (A2, =(0.7,04) £ &
So, = (0.6,0.8) is not (%, %)-f a ™—closed set.
Theorem 3.8. Any fuzzy set A is an (p, q)- fa™-closed set iff I, «(C; (4, p,q),p,q) — 4

contains no non- zero (p, q)-fa™-closed set.
Proof: = Let v beanon-zero an (p, q)-fa™-closed subset of I) .+(C..+(4,p,q),p,q),

suchthat v < I +(C;+(4, p,q),p,q) — A, then v < I, +«(C.+(4, p,q), P,q) AN(1 —=2).

P-1SSN: 2222-8373
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Therefore, v < I +«(C:+(4, p, q),p,q) and v < 1- A. Since 1-v is an (p, q)-f a™-open set
and A is an (p, q)-fa™- closed set, and since I, +(C; (4, p,q), p,q) <1 —v.
Then, v < ( Lo+ (Corr(4 2,00, 9)) AN 1= (Lo (Cor(A, D, @), P, @)= 0. S0, v=0
this implies that I .«(C; ++(4, p,q), p,q) — A contain no non-zero (p, q)-fa™- closed set.
& Let A < p be an (p, q)-fa™-open set and assume that I, .«(C;«(4, p, q), p,q) is not
contained in pu.
Then, 1-(I;+(C; (4, p,q),p,q)) is a nonzero (p, q)-fa™-closed set and contained in
I +(C.+(A, p,q),p,q) — A which is a contradiction. Therefore I, «(C; (4, p,q),p,q) < 1
and hence A is an (p, q)-f a™- closed set.
Theorem 3.9. Let 1 <1y < 1y, if Ais an (p, q)-fa™-closed relative to 1y and 1, is an
(p,q)-f-open set, then A is an (p, q)-f a™-closed set in (X, T,7") whenever, p €l,q, Q€ 4.
Proof: Let u be an (p, q)-fa-open setin (X, T,7%), pelyo and q € Igisuch that 4 < u.
Giventhat A < 1, < 14, therefore A< 1y and A < . ThisimpliesA < 1, A u.
Since A is an (p, )-f a™-closed relative to 1y, then I, .+(C..+(4, p,q), .q) < p.
Butly A It (Corr(4 @), @) S Iy Ap = Iy A Lo (Cor(4, p,q),p,9) < i
Thus, [ 1y A Lo (Cors( ,@),0,0)] V1 = [Leer (Cor (A, 9D, 1, 4)]
SuV 1= [l (CorAp, @), @)

= [y V1= [l (Cor A p, @), p Q)] Al (Cor A ,@),p,q) | V1 = [Lier (Coe
A, B < nV 1= [LeCrApap].
Therefore, (1, <1 — [l (Coor A2 @), 2@)) < 1 V 1= [Leo(Corr (A2, @) 0. 9)].
Since 1y is an (p, q)-f a™-closed set in 1.
And,

L (Corr (4, 2, @)y, @) S uV 1= [L(Cor(A, 0, @), 2,q)].
Also, 1 < 1y= I +(Corr (4, 2, @)1, @) < Iy (Cor(Ly, P @)D Q)
Thus, L (Corr (4 2, @), 0, @) S Lo (Corr(ly, 2,00, @) < V1= [ (Cor (B,
p.a),pq)] -

Vol: 14 No:1, January 2018 115 P'ISSN:_ 2222-8373
DOI : http://dx.doi.org/10.24237/djps.1401.349C E-ISSN: 2518-9255



DIYALA JOURNAL FOR PURE SCI

(p,q)-Fuzzy a™-Closed Sets in Double Fuzzy Topological Spaces
Fatimah M. Mohammed, Sanaa I. Abdullah and Safa H. Obaid

Therefore, L+(Corr (A p,qQ), D) S 1.

Since I +(Cr+(A, p,q),p,q) isnotcontained in 1 — [I.+(Co-(4, P, @), p,q)]

So,Aan (p, q)-fa™-closed relative to 1y.

Theorem 3.10. If A isan (p, q)-fa™-closed setand 1 < v < I, +(C.~(4, p,q),p,q), then
visan (p, q)-fa™-closed set whenever pel,, and q € Ig;.

Proof: Let A be an (p, q)-fa™-closed set, pel, and g€ I; such thatd < v < I +(C;
(A4 p,q),p,q), also let u be an (p, q)-fa™-open set of such that v < u . Since Ais an (p,
q)-fa™-closed set, then we have I, .«(C.+(A4,p,q),p,q) < u, where A< p . Since 1<
v and v < I +(Cor+ (4, p,q), p,q) then,

I (Cor (¥, 2,00, q) < (g (Cor (Lo (Cor (B 2, @),2,0),0,9), 1 0)
< L (Corr (A P, @) 0, )
S Hu
Therefore, I, +(C;(v, p,q),p,q) < p.So, v isan (p, q)-fa™-closed set in X.
Theorem 3.11. Let A and v are two (p, q)-fuzzy sets in (X, T, ™) such that p €l,, g€ 1, then,

1- If A isan (p, q)-fa™-closedsetand t(1 —v) =2p and t*(1 —v) < q,thenA A v is

an (p, q)-fa™-closed set.

2- If A and v are two (p, q)-fa™-closed sets, then A A v is (p, g)-fa™-closed set.
Proof: 1- let A be an (p, g)-fa™-closed set and v be any 7(1 —v) = pand t°(1 —v) < ¢
where p €l,,o, Q€ I4;. Since 4 is an (p, q)-fa™-closed set so, I +(Cr+(4, p,q),p,q) < u
where A < p and pisan (p, q)-fa™-open set.

To show, A A v is an (p, Q)-fa™-closed set, it is enough to proof that
I+ (Cors(A Av,p,q),p,q) < uwhere A A v < pand p isan (p, q)-fo-open set
Letp=1—v,then 1 < uVp. Since ©(p) =p and t*(p) <q, uVp isan (p, q)-fa™-
open setand A is an (p, g)-fa™-closed set so, I, «(C; (4, p,q),p,q) < uVp.

Now,

I‘L’,T* (CT,T*( A Av D CI); p, q) < I‘L’,T* (C‘r,‘r*( A, p, q)r p, q) A I‘L’,‘L’* (CT,‘L'*( v, D q)l D, q)
< I‘L’,‘L’* (CT,T*( /1' p, Q); p, CI) ANv
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=(uVp)Av
<(uN v)V(pAv)
<(uN v)VO <pu.
= A Avisan (p, q)-fa™-closed set.
2-Let A and v are two (p, q)-fa™-closed set whenever pel, and q € I;.
Consider u be an (p, q)-fa™-open setin X suchthat A A v < pu.
Now,
Lo (Corr(AAY,0,0),0,9) S L (Corr (4 200, D) A Lot (Corr (v, 2,00, q) < .
Hence 4 Av isan (p, q)-fa™-closed set.
Remark 3.12. The union of two (p, q)-fa™-closed sets need not to be (p, q)-fa™-closed set.
The next example showing this case.
Example 3.13. Take Example 3.4. and
A(m) =04, A(n) =04,
u (m) = 0.6, u(n) =0.7,
y(m) = 0.6, y(n) =

SOIIT,T*(CT,T*((04 0.4 ;2,2),2,2)— 7,7 (/,l 'E'z)_/1<y

Thatis A is (%,%)-fam-closed set.

11
A|SO, I‘E,T*(CT,T*(IU'!ZIZ)’Z’Z)— T,T" (C‘L'T (06 07)’5’5 > ) 11:1 (AC:E'E)_.“<V

So, uis (1 —) fa™-closed set.
We know that, AV u = (0.4, 0.4)V(0.6,0.7) = (0.6,0.4).

11 11 11 . . .
And I+ (Cm*(o.6 , 0.4),5,2),5,2) < L+(1 'E'E) =1 <« y which isrefersto U in the
definition, this implies that A V i is not (%%) fa™-closed set.

= Aand u are (%,%)-fam-closed set, but AV u isnot G,%)-fam-closed set.
Remark 3.14. Every (p, q)-fuzzy closed set is (p, q)-fa™-closed set whenever p €l,, and ¢
€ 14, . But the contrariwise is not true generally.

Example 3.15. Take Example 3.13. then we get:
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11 11
IT,T*( C‘L’,T* ( (/1 ’2’2)1_’_) < IT,T*(‘L[C,—,—) =2 < Y = V)
Thisis A is G'E)'f“ -closed set, but not (— —) -fc set.

Definition 3.16. If (X, 7,7") be a dfts. So, for each 4 ,u € 1*, pel, and q € Iy, we have
the a™ — Closure of A is defined as:
a™ Cor (Ap,q) =N pu€er*:A<p,pis((p, q)-fa™-closed}

Theorem 3.17. If (X, 7, T) be a dfts, then for each p €l,,o, q € [;;and 4, p € 1%, the
operator a™ Cp+:I* X I,o X Iy — I* satisfy the following statements:

(C1) a™ G (0,p,q) =0, a™ Crpr (1,p,q) =1

(C2) 1< a™ Crpr (Ap1q),

(C3) If A<p, then a™ Crr- (A p,q) < @™ Cror (WD, 9),

(C4) Ais (p, q)-fa™-closed iff a™ C,+ (A,p,q) = 4

(C5) Ifvis (p, q)- fa™-open, then vq A iff vga™ C..- (4,p,q),

(C6) a™ Crpe(@™ Crp (A1), P, Q) = @™ Cope (A,1,q)

C7) a™ Crr Ap,g) Va™ Crp (Wp,q) < a™ Crp (A Vu,p,q), If the intersection

of two (p, q)-fa™-open is an is (p, q)-fa™-open, then
a™ Corr Ap, @) Va™ Cope (p,q) = a™ Corr AV ,p,q) .
Proof: LetA, u € I*, pel,g and q € gy
(Cl) a™ Crr» (0,p,q) = AN{ p €T*:0 < u,puis (p, q)-fa™-closed} = 0, and
a™ C.r (Lp,q) =AN{per*:1<puis(p, q)-fa™-closed} =1,

(C2) 2 < AN{puel*:A <y, uis(p, q)-fa™-closed} = a™ C, .+ (4, p,q),
(C3) weknow, a™ C,~ (A, p,q) =AN{ u€T*: A <y, pis(p, q)-fa™-closed}
Since A<uthen, Afuel*:A <u, wis(p, q)-fa™-closed} < A{fvel*:u <v, vis
(p, a)-fa™-closed} = a™ Crr (A,p,q) < a™ Crre (WP, Q).
(C4) ifdis (p, q)-fa™-closed, then o™ C.+(A,p,q) = A{ p € I*: A < p, pis (p, q)-fa™-
closed} and A < o™ C;++(A,p,q ), but A is necessarily the smallest set.
Thus A= A{ uel*:A <pu, pis(p, q)-fa™-closed}, therefore A = a™ C.+ (A, p,q).

&, Let ube any subset in X then,
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A" Corr A pq)= ALpueI:A <y, pis(p, q)-fa™-closed}, but A< A{ pel*: 1 <
u, wis (p, q)-fa™-closed}. Since the intersection of all (p, q)-fc set is (p, g)-fc, it follows
that a™C; .+ (A,p,q ) is (p, g)-fc in X. Suppose that 1 = a™ C; - (4, p,q ), and we have
a™ C.+(4,p,q)is(p, q)-fc = Ais (p, g)-fa™-closed set.
(C5) Let vgA where v be (p, g)-fa™-open set. Then A < 1 — v, if we take a™ C, .~ so we
get, a™ Crrr (Ap,q) <a™ G (L —v,p,q).
But,
a™ Corr (Apq) < a™ G (1=v,p,q) =1-v
by (C4) we get vqa™ C. .+ (4,p, q ) which is contradiction,
then vg iff vqg a™ C+ (A4, p,q).
(C6) Since 4 = a™ C.;+ (4,p,q ) we take a™ C; .+ two side we get,
a™ Crrr (Ap,q) = @™ G (@™ Coir(L 0,9 ), 0, 9)
(C7) Let Aand u are (p, q)-fa™-closed set, then
a™ Corr (ALp,q) =N veEI*:1 <v, vis(p,q)-fa™-closed;}........ (1)
a™ Cor (up,g)= NM{vel*:u <v, vis(p, q)-fa™-closed}....... ()
Then by (1) and (2) we get, a™ C; - (,p,q) Va™ Corr (Wp,q) =
IN{vel* A <v, vis(p q)-fa™-closed}] VIA{ v € *:u < v, v is(p, q)-fa™-closed}]
<a™CipAVu,p,q) ...... (3)
But if we get 1 and u are (p, q)-fa™-open set and A A u are (p, q)-fa™-open set, then
by (1) and (2) we get,
a™ Corr (Ap,q) Va™ Cope (p,q) = a™ Corr AVRD.q ).
Theorem 3.18. If (X, 1,7") be a dfts, then for each p €l,, g € I; and u, A € I*, we define
an operator a™ I .« (1% X Lo X Iy = 1% as:
a™l+(Ap,q) =V{uel*:u<Auis(p, q)-fa™-open set}.
The operator I .- satisfies the following statements:
(11) a™I+(0,p,@) =0, a™l+(L,p,q) =1.
(12) a™L(Ap,q) <A.
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(I3) IfAisan (p, q)-fa™-open set, thenA = a™ I, ~(A, p,q) and

a Lo (@™ L p,q),p,q) = a™ L (A,p,q)
(14) A<y then a™ I (A p,q) <a™l+(1 p,9q),
(I5) a™ L+ pAa™ L +(wp,q) =a™ I (A An,p,q). If the intersection of two

(p, g)-fa™-open sets are (p, q)-fa™-open set, then

"l AP, DA L= (p,q) =a™ L +(A A, q) -
Proof: pel,o and q € Ig;and p, A € 1I*
(11). a™I+(0, p,q) =V{ u € *:u < 0, is (p, q)-fa™-open set} =0,
And a™I.«(L,p,q) =V{unel*:u<1,uis(p, q)-fa™-open set} = 1.
(12). a™ I +(4,p,q) =V{ p € *:u < A pis (p, q)-fa™-open set}< 1, then
a™l+(Lp,q) <A
(13). We must prove that a™ I «(4, p,q) <A & A< a™ I «(4,p,q).
By (I2), we get a™ I, +(4,p,q) <1  ....(1)
Now to prove A< a™I «(A4p,q) foralA<A,a™I,+(Ap,q) <A
So,weget, A<a™l «(A4p,q) ...(2)
From (1) & (2) we get, A =a™ I, ~(A,p,q) .
(14). We have, a™ I, +(4,p,q) =V{ pu€l*:u <A pis(p, q-fa™-open set}.
And since A < uthen we get,
Viuel*:u<Auis(p, q)-fa™-openset} <V{v el*:v<pu,vis(p, q)-fa™-open set}
= a" L +(Ap,q) Sa™L(wp,q) .

(I5) Let A and u are two (r, s)-fa™-open set,
Then, a™ I, «(A,p,q) =V{ v eT*:v < A,vis(p, q)-fa™-open set}........... (1)
Also, a™ I, +(u,p,q) =V{veT*:v < u,vis(p, q)-fa™-open set}.......... )
Then by (1) and (2) Weget,a™ Il +(A,p, @ Aa™ I +(1p,q) =
[V{veTl*:v<A,vis(p, q)-fa™-openset}] A[V{ v € *:v < u,vis(p, q)-fa™-open
set}] > V{vel*:v<AAu,vis(p, q)-fa™-open set}

za™ (A Ap,p.q).
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But, if wand A are (p, q)-fa™-open setand A Au is (p, q)-fa™-open set, then by (1) and
(2) we get,
a" L (Ao, ) Na™ L, q) =a™ I-(A A, p, ).

Theorem 3.19. Let (X, 7,7") be a dfts. For all fuzzy set 1 € 1*, pelyo and q € I, the
following statements are correct:

(D) a™lL 1=A4p,q)=1=a™ Cr (4p,q).

2) a™ Crrr (I-Ap,q)=1— a™ I+ (4, q).

(3) If @™l (@™ Cor(A,p,q), P, Q) =4, then, @™ Cpre (@™ Leee (1 - A,1,9) P, O)

=1- 1.

Proof: (1) a™l,+(1—A,p,q) =V{pel*:u<1-21, pis(p, q)-fa™-open set}
=1-A{puel*A<u, uis (p, q)-fa™-closed set}
=1—a™Cr (Ap.q).

(2 a™Crrs (I-Ap, Q) =A{u€el*:1—-A<u, pis(p, q)-fa™-closed set}

=1-V{pel*:u<A, puis(p, q)-fa™-open set}
=1—= a™ L (4p.q).

@) a™ Cop (@™ (1= Ap,q),p @) =A{pel* {V{pelpu<1-2, pis(p, q)-

fa™-open set}) : 1-A<u: pis (p, q)-fa™-closed set} =

ANMuelP{V{pel*:u<1—u,pis(p, q)-fa™-openset}): 1-u < A, pis (p, q)-fa™-

closed}=1-V{u e l*a{u €e1*: A < u, pis(p, q)-fa™-closed set}): u < A, wuis (p, q)-fa™-

open set}.
Since a™I +(a™ C, (A4, p,q),p,q) =4, 0
I-V{ipel*a{u el*: A<y, nis (p, q)-fa™-closed set}): u < A, wis (p, q)-fa™-open set}
=1- 1.
wa™ G (@™ (1= 2A,p,q) p,0)=1— 4.

(p, 9)- a™- generalized fuzzy-closed

Now, we introduce new class of closed sets, this concept is said to be (p, q)-a™-generalized

fuzzy-closed set in double fuzzy topological spaces.

Definition 4.1. If (X, 7,7%) be a dfts then, for each 4, u € I* and p €l,,o, q € I, the fuzzy
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set A issaid to be (p, g)- a™- generalized fuzzy-closed (briefly, (p, q)-a™- gf-closed). If
a™Crr+(A,p,q) < psuchthat A < p and pis (p, q)-fa™-open set. A is called (p, )-a™-
generalized fuzzy-open (briefly, (p, q)-a™- gf-open) iff 1 — Ais an (p, g)-a™-gfc set.
Remark 4.2. Every (p, q)-fuzzya™-closed set is an (p, q)-a™generalized fuzzy-closed set,

but the converse is not correct in general and we can showing by the following example.

Example 4.3. Take Example 3.7 (2) so we get, Co+(B,5,5) = 1 < 1.

So, Bisan (%,%)- a™- gf-closed set

Now, if we put 6 = (0.6, 0.3) is (%,%)-a open then, <8 = fisnot (%,%)- fa™-closed set.

Theorem 4.4. Let (X, 7,7") be adfts, 1 € I*, p €lp and q € I5;. A isan (p, q)-a™- gf -

open set iff u <1I.+(4,p,q) whenever, u < Aand pu isan (p, q)--fa™-closed set.

Proof: = Let A bean (p, q)-a™- gf-open setin X and let u be any (p, q)-fa™-closed set in

Xsuchthat u < A and pis an (p, q)-fa™-open, so 1- 1 isan (p, q)- a™- gf- closed.

Therefore, for all (p, )-fuzzy open set v say v=1-u € I*, we get 1-1 < 1 — u, then
Coor(-4pq) <1-

So, 1-Q=—p)=p <1-(Crr -4 pq) =L(ADq).

< let u be an (p, q)-fa™-closed set, so for each u € 1*, such that u < A, t(u) = p and

(1) < q. Now, u < I +(4,p,q), if Aisan (p, q)-a™- gf-open set ,this implies 1- A is

an (p, q)-a™-gf-closed set, take v € I* such that 1- A < v, since v € I*, then 1- v is an (p,

q)-fuzzy a™-closed set and 1- v < 4, so by hypothesis 1- v < I, +(4,p,q).

Therefore, 1-I; +(4,p,q) = C.» (A, p,q) <1 — (1 —v) =v, so by the definition of

complement, we get that 1- A is an (p, )-a™- gf-closed set.

Proposition 4.5. If Ais (p, q)-fa™-closed set in a dfts (X, T, t*), then A isan (p, q)-a™- gf

closed set, for each p el,, and g € Ig;.

Proof: It is obvious.

Theorem 4.6. If Ais (p, 9)-a™-gf closed setin adfts (X,t,t") and A < u < Cp 1+

(Ap.q),
then e is an (p, )-a™-gf closed set, for each p €I, and q € I;.
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Proof: Assume that v is an (p, q)-fa™-open set in Xand u < v,then A <v.but A €1*
isan (p, g)-a™-gf closed set = a ™ C, .- (4, p,q) < v.From Theorem 4-4 we get,

a™ Cor (p,q) Sa™Cor (4,p,q),
and u < v then,a™ C.+ (u,p,q) <v,s0pisan (p, q)-a™-gf closed set.
Theorem 4.7. If (X, T, %) be a dfts such that A is an (p, q)-a™-gf -open set and
a ™l (A p q) < pwhere p < A then pis an (p, q)-a™-gf -open set.
Proof. Assume that v is an (p, g)-fa "-closed setin X and v < u for each, pel,, and g €
Iq1,80v < A But A € *isan (p, g)-a ™-gf-open set = v < a™ I~ (A, p, q), and hence
am I Ap,q) <ol (p,q),sov < a™ I+ (up,q), and hence pisan (p, g)-a™-
of -open set.
Definition 4.8. If (X, T, %) be a dfts, so a fuzzy set A is said to be an (p, q)-fuzzya™-clopen
(briefly, (p, q)-a™-gf —clopen) set iff A is an (p, q)-fa™-open ((p, g)-a™-gf —open) and ((p,
q)-fa™-closed ((p, g)-a™-gf —closed) set whenever, p €l,o and € Ig;.
Theorem 4.9. Let (X, 7,7") beadftsand 1 € I*, pely, and q € Igy. If Aisan (p, g)-a™-gf-
clopen set, then A be an (p, q)-f a™-closed set.
Proof: Suppose A and p € I* where, p is an (p, g)-f a™-open such that A < p, p €l,, and
q € Ig;. By the definition of complement, we get A is an (p, g)-a™-gf-closed, so a ™C .-
(A p,q) =41 < u But, Aisan (p, g)-a™-gf- clopen set, Thatis A is an (p, q)-fa™-closed
set.
Theorem 4.10. Let (X, 7, 7") be a dfts whenever 4 € I, pel,o and q € Ig;. If 4 isboth (p, q
)-fa™-open set and (p, q)-a™-gf-closed set, then A4 is (p, q)-fa™-closed set.
Proof: Suppose 4 is (p, q)-fa™-open set and (p, q)-a™-gf-closed set such that 1 < A, pel,
and q € Iq; Thena ™Cr» (4, p,q) < A.But, A< a™Crr- (4,p,q), therefore 1 = a ™C;
(A4, p,q). Hence, Ais (p, q)-fa™-closed set.
Theorem 4.11. Let (X, t,t*) be adfts. Then each (p, q)-fa™-open set is an (p, q)-fa™-
closed set iff every (p, q)-fuzzy subset in X'is (p, q)-a™-gf-closed set, pel,o and q € Ig;.
Proof: Let u be an (p, q)-fa™-open set with A be (p, q)-fuzzy subset of X such that 1 < p,
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but w isan (p, )-fa™-closed set, pelyo and q € I4;. By Theorem 3.17 (C3) we get,

a™Crr (4,0,q) < a™Cop (P, 9).
Again by Theorem 3.17 (C3) we get, 1 < a ™C .+ (4, p, q), then
a™Cpr (A,p,q) Sa™Cr (Lp@) < 1
= Aisan (p, q)-a™-gf-closed set .
& let pu be any (p, q)-a™-gf-closed set an (p, g)-fa™-open set, but we have p < .
Then by Theorem 3.17 (C2) we have, p < a™Ci+ (L, p, Q). S0, a™Cr (L,p,q) =1
Hence, pisan (p, q)-fa™-closed set.
Theorem 4.12. If a ™C, +(A,p,q@) Va™Cr+(u,p,q) =a™C (A Vu,p,q). Then
AV u isan (p, q)-a™-gf-closed.
Proof: Let Aand u are (p, q)-a™-gf-closed set and v be an (p, q)-fa ™-open set such that
A Vu<v, pelyoand q € lg;. Thus either, A <vor u <v,but
a™Crr (Ap,q) Svand a™Crpe (1, p,q) <.
Also by hypothesis,
a™Cr(Ap, @ Va™Corr (p,q) =a™Corr(A Vi ,p,q)
a™Crrr(A Vu,p,q) <v.
Then A Vuisan (p, q)-a™-gf-closed set.
Theorem 4.13. If a ™I .+ (A p,q) N a ™ (0, qQ) =a ™l +(A Au,p,q). Then, AApu
is an (p, q)-a™-gf-open set.
Proof: Let A and u are (p, q)-a™-gf-open set and v be an (p, q)-fa ™-closed set for each,
pelypand q€lyy, v< Aandv < u. But
v SAAp, v a™+(Ap,qandV < a™l - (u,p,q).
Also by hypothesis, a ™I .+ (A, p, Q) Na ™I+ (wp,q) =a™l (4 Au,p,q)
= v=a™l @ Ap,pq)
So, A Au isan (p, q)-a™-gf-open set.
Definition 4.14. If (X, t,7") be a dfts, then a fuzzy point z, is called an (p, q)-fuzzy just-

M-closed if a ™C; .+ (z,p,q) is afuzzy point, pel,, and q € 1g;.
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Theorem 4-15: Let z, and z. are two fuzzy points inadfts (X,7,7*) suchthat t <t,
and z, isan (p, q)-fa ™-open. Then z, is an (p, q)-fuzzy just —a ™-closed if z. is an (p, g)-
a™-gf-closed set, whenever pel,, and q € Ig;.
Proof: let z, <z, where z. isan (p, q)-fa ™-open, and let z; be an (p, q)-a™-gf-closed
set, pel,o and q € Ig;. Then a ™Cr o+ (24, 0,q) < 2z, and hence a™C; .+ (2,0, q) (X) < to
also, for each x €, z:\ {zw} so, a ™C; (2, p,q) (X) =0. Thus a ™ C; + (z¢, p, q) is afuzzy
point. Therefore, z, is an (p, q)-fuzzy just -a ™-closed.
Definition 4.16. Let (X, 7, t*) be a dfts. A fuzzy set A of I* is said to be an (p, q)-fuzzy a ™-
nearly crisp if a ™C; .+ (A, p,q) ANa™l+(1—A4,p,q) = 0, whenever pel,, and q € Ig;.
Theorem 4.17. If 1 isan (r, s)-a™-gf- closed and an (r, s)-fuzzya ™-nearly crisp of a dfts
(X,t,7), then a ™C; .~ (4, p, q)_A does not contain any nonzero (p, q)-fa ™-closed set in X.
Proof: Assume that A is an (p, q)-a™-gf- closed set in I* and u is an (p, q)-fa ™-closed set
suchthat u < a™C+(4,p,q)_A,and p # 0, whenever pel,o and q € Ig;. ThenA <1 —
u and 1 — pis an (p,q)-fa ™-open set. Since A is an (p, q)-a™-gf- closed set, then
a™C..+ (A4p,q) <1—pu, hence
R<1—-a®Cor,p,@) =al (1 -Ap,q)
Then, p < a™l +(1— A,p,q) But,
p<a™Cr (1, ) Na™»(1-2,p,q)=0.
Therefore u = 0, which is contradiction. Then a ™C, .« (4 ,p,q)_A does not contain any
nonzero (p, q)-fa ™-closed set in X
Theorem 4.18. If A is an (p, q)-a™-gf-open and an (p, q)-fuzzya ™— nearly crisp of adfts
(X,t,7%), then u = 1, where p is an (p, q)-fa ™-openand a ™I, +(1,p,q) V(1 — A1) < u
, foreach 4 € I*, pel,p and q € Iy
Proof: let A be any (p, g)-a™-gf-open setin X and u be an (p, q)-fa ™-open set such that
a™+(4p,@V(1—2) < p Then,
1 u<1— (@™ (4,0, QV(1=D)=1—a™ (4 p.OA 2.
Thatis, (1-p4) <1—(a™l (4, p, q)_(1—2)
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But, (1-u) S @ ™Crre (1— 4 ,p,q)_(1— A).
Since, 1- u is an (p, g)-a™-gf-closed setand 1 — A is an (p, q)—a™-gf-closed so, by
Theorem 4.17, we have 1- u = 0 then, u=1.
Conclusion

Our goal in this article is to introduce the notion of (p, q)-fuzzy a™-closed sets, used this new
idea to explain the notions (p, q)-a™-generalized fuzzy-closed set in double fuzzy topological
spaces. Also, we give some characterizations of these new terms with compared. Since double
fuzzy topological forms is an extension of fuzzy topology and closeness is one of the basic
notions for our research and our spaces which are widely used in the research field of machine
learning, so we believe that our work and results can be useful to applied in
modern physics.
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