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Abstract

This paper presents an iterated and iterated retarded integral inequalities and explicit bounds
to unknown functions on some iterated and iterated retarded integral inequalities are
established.
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Introduction

Integral inequalities with iterated integrals are indispensable for us in the quantitative study of
various differential equations and integral equations. motivated by a desire to apply integral
inequalities which provide explicit bounds on unknown functions, in the development of the
theory of differential and integral equations with retarded arguments.

Lemma 1.

Let u(x)and g(x) be nonnegative continuous functions on I = [0, for the inequality
u(x)= ¢ + [T gu()at , te i,
holds, where ¢ is constant. Then

ulx) = ¢ elagleiae Lt EY

The result was proved by Gronwall [13]. Gronwall type integral inequalities provide a
necessary tool for the study of the theory of differential equations, integral equations and
inequalities of various types see [2-11, 15 ].Some Gronwall-Bellman type integral inequalities
with fixed delay has been presented in [1].

The aim of the present paper is to establish explicit bounds on more general integral
inequalities with iterated and iterated retarded integral inequalities.

The plan of the paper is as follows: Section 2 presents some iterated integral inequalities.
Section 3 presents some iterated retarded integral inequalities. Finally, Section 4 presents a

short conclusion.

Integral Some Iterated Inequalities

This section presents some iterated integral inequalities and then give explicit bounds to

unknown functions. Later on R, = [0,c0], I = [a,8] and I. = [t.,5].
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Theorem : (2.1)
Let

u(t), f(t), a(t), g(t), hit) € C(Ry, R, ), k(t,5), k. (t.5) €
C(D.R,) and p=1
be real constant, where

D={(t,s)e R3:0< s< t <ol
(a4)
If w?(t) < a(®)+ [; £(s) [wP(s) + [} k(s, D)u(o)do]ds , ....(2.1)

for t € R, , then

3l

u(t) < [a(t] + f;ﬂl[:s] exp'l;rﬂi':r}drds]" , L. 2.2)
for t € R, , where A,(t) = f;—”[pa(rj + [5 k(t,0)[(p — 1) +a(c)]do] and
B.(t) = F(OIL + J; “22do].

(az)

Let ¢(t) be real-valued positive continuous and nondecreasing function defined in K.
If w?(2) = c®(0) + [) F(9) (v (5) + [ k(s a)u(a)des }ds . ... (2.3)

for t € R, , then
u(®) < (8 [1+ [} Ay(s) exptPAOTGs [T (2.4)
fort € R, , where
4,00 = F(D [1 4[] k(@) 27 (o) der]
and

B.(0) = £() [1+ [[EET " gg],

v

(a3)
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If

u? (t) < alt) +f; k(t,s) {u(s) + f:[g(crju?’ (o) +
hio)u(o)]do }ds ,

... (25)
fort € R, , then

u(t) = [ a(t) + [; As(s) Exp'r;ﬂs':ﬂ‘”ds];

for t £ R, , where

438 =22[(o - 1) + a() + [; [pg(0)a(e) + R (p— 1) +a(o)]]ds]

3

N k. (ts)

[(p— 1) +a(s)

+ | lpg(o)a(o) +h(g)[(p —1)

L

+ a(a]]]da] ds,

And

5.0 =221+ [[Ipg(0) + o)l do] + ;2 1+

L3

[;Tpg(a) + h(o)]da |ds.

Proof:
(ay)
Defin a function =z(t) by

z(t) = [ fs) {u?(s) + [} k(s c)u(c)do} ds.
e 27

Then z(t) = 0, z(t) is nondecreasing for t € I and inequality (2.1) can be written as
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W (D) < a(t) +z(b). e (28)

From inequality (2.8) and using the elementary inequality see [14], [12]
11

- = x v
xPy? < —+—
g
1 1
Where =x,v = 0 and 5+E= 1,
we observe that ult) = [alt)+ z(t]é (ﬂﬂfj
< el .. 2.9)
P P P

Differentiating (2.7) and using (2.8), (2.9) we get:

&

z'(1) = f(t)iuP(t) + J. k(t,o)ulo)do

o

< f()ialt) + z(t)

3

+ f k(t,0) [@ o)

. p
—|-Z(Jj] de
p
_f® pa(t) + f k(t o) [(p — 1) + alo)]do
P o

E(

+£(D) 1+f i;“jda =(8)
o

=A,(t) + By (t)z(t).

Integrating both sides of the above inequality from 0 to t we get :

t -
z(t) = f;;ﬁll(s] exp‘l;ﬁ‘—"r}dr ds ... (2.10)

Using (2.10) in (2.8), we get the required inequality in (2.2).
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(az)
Since ¢(t) is positive, continuous and nondecreasing function for t € R, , from(2.3) then

one can get :

fulthyF? .
| uu; 3 <
Lelt)

1+ 3 £) {(52)" + [} k(s.0) ¢4 (0) X2 do} ds

Now an application of the inequality given in{a, | yields the desired result in(2.4).

(as)
Define the function z(z) by
2(6) = [kt 9) {u(s) + [g(@)w? (o) +
h[cr]u(cr]]dcr} as
....(2.11)
Then as in the proof of part (a.}, from (2.11) we see that the inequalities (2.8) and (2.9) hold.

Differentiating (2.11) and using (2.8), (2.9) and the fact that z(t) is nondecreasing in t we

get:

z'(t) = kit.t) { u(t) + [;la(o)u? (o) + h(ou(o)] ri:r} 2
Jy k(69 {uls) + [ 19()w? (0} + h(o)u(o)]do} ds

-1 alt) =zt
p +(_+()
P P P

< k(t,t]
t

|

o

+ h(a) [’“"’ N E(J)ﬂ do
P P P

g(o)[ala) + z(a)]
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3

+f k,(t ) [p; Ly a’? +z;5j

o

=

\ p—1 a(s)
+ f[H(G) [a(o) + z(a}] + h(0) [+

+p]]d{ds

=k“’“{(p—1j+a(rj
n

o

+ f[pglicr)a(cr] + h(a)[(p — 1) + alo)]] dﬂ}

+J. ke (£ 5) [(p— 1) +a(s)
] p

+ f[pglicr)a(ﬂl

k(t, t)

+h(a)[(p— 1) + ala}]] dcr{ ds +

{z(r) + f [pg(e)z(c) + h(a)z(a)]da}

]
3

k. (t =)
+f ; [ZES)

[ pg(e)=(o) + h(cjz(crj]dcr{ is

_|_

:“-_—_-1[4 [=]

= Az(t) + B3(t)=z(t).

Integrating both sides of the above inequality from 0 to t yields

S
2(0) = [f Ay (exph = Poas . L 2.12)
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Using (2.12) in (2.8), we get the required inequality in (2.6).

Theorem : (2.2)

Let u(t),g(t) e C(, R, ), k(ts),b(t,5)c(t,s) € C(D,R, ),

hit,s,o) € C(E,R, )and a(t),a'(t) € C(I,R, ), p = 1 be real constant.
(1)

Let ¢(t) € C(I, R, )and uP(t) < a(t) + _I':gb(s]u(s]ds — _I: f; k(s,t)u(t)dr ds +

t 2 T (L
J-J. J. h(s,t,0)u(o)do dr ds + J. J. c(s,t)ul(r)dr ds
2.13)
for t € LIf
P=1ff[fe(sn)expeBP¥aras <1 L 2.14)
then
u(t) < [a(t] + Mlexpil‘;a,,(é}df + f:ﬂ4(nj exp‘réﬂ**':adgdn]; %..H2.15)

for t €1, where

3

A0 == GOl D +a@] + [ KED[ (-1

+a(7t)]dr

+[7 [T h(t,T,0) [(p— 1) + a(0)]do d1},

t [
) ;
B,(5) = {&(t) IJ-k(t,rde |_“ h(t, t,o)do dr
P
and
M. =
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1_1p1 %f f s, 1) [(p— 1) +a(7)

T

+ J. Al exp'[x B ':ﬂd‘-;dr;r] dt ds

o

()
Let k(t,s), b(t,s], h.(t 5, o) are nondecreasing in t € I, foreach s € I and
uF (1) =

a(t) + _I: k(t,T)u(t)dr + _I: f: h(t,s, o)u(o)dods +

I . S 4
7 b(t,5) [ c(s,D)u(r)dr ds
for t £ I

...... (2.16)
If P =i _]": b(t,s) _I': c(sT) expr:’?":""rj""'dr ds = 1 ... (2.17)
then
u(t) <

e

. to ¢
[a(t] + M:exp‘lﬁﬂb"’?'t}d’? + .J:Hﬂfr t] exp]}&; 'n'ﬂdﬂdf]

AL

for t € I, where

A(t,T) = 3{;:(1",::) [(p— 1) +a(®]+ [Sh(T.t,0) [ (p—
1)+ rx[a]'ldcr}

2

3

B.(t,T)= ;_1; k(T,t) + J. h(T.t,c)de

and

M, =

=
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ﬁ{iff b(t,s) _I': est)[(p— 1) +a(r)+
I 45(57) exp* " ag | az ds)

(b3)
Let r(t) € C(I,R,) and

uP(t) < alt)+ _I: g(s) {u(s] + _f: k(s,c)u(o)ds +

_I":r(cr]u(cr]dcr}
........... (2.20)
forte I.1f
Py=[r(o) exp®Mige < 1, 2.21)
then
u(r) = [ait) + MyexpleBeman 4 [ Ac(&) exp "‘;B"""'“”df];, .. 221)

for t € I, where

4.0 =9@® -1 +a®) + (ko) (P -1+
a(0)]do + [£ r(a) [(p— 1) + a(0)]do }

2

By(t) = ig(rj + k(t,t) + _I: k.(t,o)do and
1 I'TB nid

My = 1-5, [ff (o) .r: Ag (&) exp™ s ) TdE d-:r] )

Proof :

(By)
Define a function z(t) by
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t =

z(t) = fgb(sju(s]ds + j j k(s,T)u(r)dr ds

o
E

+ J. J. J h(s,t,0)u(o)do drds

T

—|—_|'"E_I" c(s,T)u(t)dr ds

Then z(t) = 0, z(t) is nondecreasing for t € [

z(a) = _I”E_Ir sis, tulsldeds. 4 () n . N, (2.23)

Then as in the proof of part (a, ), from (2.23)we see that the inequalities(2.8)and(2.9)hold.

Differentiating(2.23)and using(2.9)and the fact that z(t) is nondecreasing in t, we get:

3

z'(t) = p(tult) + J. k(t,Du(r)dr

o

+ J. J. hit, 7, o)u(o)de dr

< #OZ[@-D+a® + 0] + [ kD [G-1)

+a(t) +z(1)] dr

— J-J-h(t T, cr] [ (p—1)+ a(o) + z(o)]dodT

3

= I—l]{ e®llp-1) +a®)]+ f k(t,7) [ (p—1) +a(n)ldr

o

+ JrJ. h(t, 7,0} [(p — 1) + alo)]do dr}
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3

1
o {e®z(0) + f k(t.7)z(r)dr

o

+ JE JE h(t,7,0)z(o)do dt}.

But =z(t) is nonnegative and nondecreasing for t € I, then
z'(t) < Ay () + By(t)z(1)
Therefore, @ <= 5 = t= [, one can have :

L. BN -
d_ [z(njexp.rqﬂd'-.‘ﬂ'd‘;] i: A4 (njexp.rr]‘}d '-.‘E'd‘ir
)

Integrating both sides of the above inequality from = to t, fort € I, we get:

L t (
Z(tj = Z(ajexp‘rﬂa“l‘ﬂd"r +f:144[f;r] EXPJ"‘]B‘EMEdﬂ,

from (2.24) and (2.9) one can get

|
w(t) < 22()expe™O% + 2[(p-1) +a(t) +

£t
JAy(m exp 5 0% gy

From (2.23) and (2.25) Which implies
F oz
" 1 T_ .
z(a) < | f c(s.7) [—z(aJexp-raﬁ-*'m
r

oo

+2| -1 +a@
P

T

+ J. A (pexp Ji5s ':E}dgdr;r” drds

"
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then
F

F
: .
z{a) |1 - J.J c[s,r]exp‘rﬂ‘g‘*""r}d'fdrds
oo

==

< f f c(s,r];lj[(p —1) + a(r)

+ J. Ay(m) exp‘r';ﬂ‘ ':{:'dfdr;r] drds

from (2.14) we obtain that
S 0 g T —— Sl o T, (2.26)

The required inequality (2.15) follows from (2.26), (2.24) and (2.8).

(b2)

Fixany T,a =T < f,thenfora =< ¢t = T, we have
uf(t) <

a(t) + [ k(T,0)u(®)dr + [ [7 h(T.s,0)u{o)do ds +

[Fb(T,5) [F c(s, Du(r)de ds

2

e (2227)
Define a Function z(t,T), a = t = Tby
z(t, T) = _]: (T, Tjyu(t)dt + |: . n(T,s,0)u(o)de ds +
[Fb(T,5) [7 c(s, Du(r)dr ds
....... (2.28)

Then =(t,T) = 0, =z(t,T) is nondecreasing for t € I,

2(a,T) = [Fb(T,9) [[c(s.Du(@drds, ... (2.29)
and inequality (2.16) can be written as

uP(t) < a(t)+z(r,T), e=t=T ... (2.30)

Vol: 11 No:1, January 2015 156 ISSN: 2222-8373



DIYALA JOURNAL FOR PURE SCIENCES

Retarded Integral Inequalities with Iterated Integrals
Ali W.K. Sangawi'? and Sudad M. Rasheed'*

Then as in the proof of part (a,), from (2.30) we see that the inequalities (2.31) hold.

u(L) = (e=1) + alt) _|_zir,r} ’ B
P v P

T

[
[

e (231)
Differentiating (2.28) and using (2.31) and the fact that z(t, T) is nondecreasing in t, we get

3

2L TY— K(T,0u(t) + J. h(T, t, o) u(o)do

o

{k@(p— 1)+ a()]

=

==

3

+JI h(T,t,0) [(p — 1) + a(c)]do } + z_::{ k(T,t)

o

1 J. h(T.t,o)de } z(t,T),

o

then

Z(6T) < A (L T) + Bo(£T)2(ET) ool (2.32)

fora = T bysetting t =1 in (2.32) and integrating it with respect to n from a to T ,we

get:

z(T,T) <

T . T,
(e, T) expla BEDE L (T 4 () 7y pupln BEDE 4
(e T) 2 As(1.T)
e (2.33)

Since T is arbitrary from (2.33), (2.31), (2.30) and (2.29) with T replaced by t one can get

Vol: 11 No:1, January 2015 157 ISSN: 2222-8373



DIYALA JOURNAL FOR PURE SCIENCES

Retarded Integral Inequalities with Iterated Integrals
Ali W.K. Sangawi'? and Sudad M. Rasheed'*

z(t,t) <
Pr E_ s
Z(ﬂf,tj exp.raﬁg'fﬁ.}d{ +I;A5 [ﬂr tJ exp‘rags.xg_,t}d;dn )

........... (2.34)
uP(t) < alt) + z(t,t) U (2.35)
1
ut) = 5{(;:1 — 1)+ a(t) +=z(t,t)}
=
i*’:(? — 1) + a(t) + z(a, t) expla®E% 4
t p
) expl 05y
....... (2.36)
Where
zZla) = [P ots) fe(sDu@drds ... ... (2.37)

then from (2.37) and (2.36) Which implies

B E:
z({a,t) = J. b(t =) J. c(s,1) 1—1]{ (p—1) +al1)

+ z(a,T) exp Jpas(Ex)ak

+ [T an,7 exp™= 7% dn} dr ds.

But z(t, T) is nonnegative and nondecreasing for t € I, then
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E =
1 T
z(a, t) |1— —J. b(t,s) J. c(s,7) expaB T gr gl <
r

o

Fots) [fesD2{-1+a@ +
+ _I': A(n,1) exp 2 ':g’r}dgdr; } dt ds
from (2.17) we obtain that

2(a, tYS WM A g (2.38)
The required inequality (2.18) follows from (2.38), (2.34) and (2.35).

(B3)
Define the function z(t} by

z(t) =
[£9() [u(s) + [ k(s Yu()do + [£ r(a)u(o)do }ds

Then z(t) = 0, z(t) is non-decreasing for t &€ I,z(a) =10.
Then as in the proof of part (a,). From (2.39) we see that the inequalities (2.8) and (2.9)

hold. Differentiating (2.39) and using (2.9) and the fact that z(t) is nondecreasing in t , we

get
t E
z'(t) = g(t)[u(t) + J. k(t,o)u(o)do + J. r(o)u(o)do]
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3

zgg(rJ{ (p— 1) +a(®) +jk(r,aj [(p— 1) +a()]do

o

£

N f (o) [(p —1) + a(o)]do)

o

t [
+$g[t]{ z(t) + J. k(t,o)z(o)de + J. r(o)z(o)da}

A () + ig[t] { z(t) + _I: k(t o)z(o)deo + ,If T[cr]z(cr]dc}

Let

v(t) =z(t) + f:k (t,o)z({o)de + _rf rioyz({oyde .. ... (2.40)

then +{t) = 0 and nondecreasing for t € I, and since =z(&) — 0 then

v(@) = [Fr(o)zo)ds ... (2.41)
zB< vl e, (2.42)
2'(t) € A () +§g(rjv(rj. ........... (2.43)

Differentiating both sides of (2.40) and using (2.42) and (2.43), We get:

v'(t) =z'(t) + k(¢ t)z(t)do + J. k.(t,o)z(o)do

o

< A.(t) +I—1Jg(tjv(tj +k(t, t)v(t)do + J. k.(t,o)v(o)do

then
v'(t) £ Ag(t) + By[t)v(t)
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Integrating both sides of (2.44) from @ tot, for t € I, and using (2.42), we get:

B (Ela&

z(t) = v(cxjexprunf" :"’E+_I" Ag(m) exp ™ dn

from (2.45) and (2.41), one can get:

T - -
via) Il - J. r(c) exp‘rff B (5048 g

£

= J. r(c) J. A:(m) exp‘r"l Bﬁl:sr}dgdr;rdc

from (2.20) which implies
vy M || NN | [ ][ VAL (2.46)
The required inequality (2.21) follows from (2.46), (2.45) and (2.9). From the hypotheses, we

observe that a'(t) = 0 for t & [;.

Iterated Retarded Integral Inequalities

In this section we prove obtain explicit bounds to unknown functions in the some
iterated retarded integral inequalities ,in the following theorem we take the single integral

inequalities and in another theorem we take the double and triple integral inequalities.

Theorem : (3.1)
Let u(t), £(£), a(t),g(t) and h(t) € C(LR.), k(t,5) € C(I%R,) for
$t. <s< t < T, a(t) € C*(I,I) be non-decreasing with &(z) < t on Tand p = 1be

real constant.

(€1)

If
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u?(t) <

u(L) + _l’::i 1) {ur: () + [Jpy K5 0)u(o)do }r:l.*_-:

...... (3.1)
fort € I,then
¢ 2t - ‘i
u() < [a@) + [0 Dy(s) expt BPFas] (3.2)
for t € I, where
D,(8) = F(8) [a(®) + [ k(t.0) [52+ =2 do]  and

) - kit
Ey(8) — F()1+ [, "2 do].

(c;)

Let ¢(t) be real-valued positive continuous and nondecreasing function defined in I.
If
uP(t) <

(@) + [25 f(5) {w () + [}, k(s 0)u(e)do Jds

2

....... .(3.3)
for t € I, then

e

E:':'t;:'

i frafal ¢
u(t) < clt) |:1_|_.Jrrx~r]' D, (s) exp‘rs E:f}dfds]

for t € I,where

and

D,(8) = f(O) [1+ [1, k(t.0) 77 (o) do]

Ey(t) = F(OIL+ [[,, 25— 2 do].

Proof :

(€y)
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ait)

Define a function z() by =(8) = [5)£(5) (w2 (5) 1 [3,,k(s0)u(o)do | ds.

...... (3.5)

Then z(t.) = 0 and as in the proof of part (), we get
elt)

29 = |Fla(®) | al=(D) + f k(a(t), o) [
el =)

LGOI oo
P

rx'r_:l

alt)
+f(cx(t|j{ Ka(®).7) (tj ? 4ot o' (0)2(0).
<

Therefore, t- = 1 = t

T, one can have:

i [v(ﬂjexp.r;:ﬂ:ﬂ:':r}jgl-f rlelrﬂLﬂE} c}n:'ll:r}rirjl
dy|”

aln)

< 1em){aem) [ koo [E52
aft=)

g alﬂkln:lr]l:?} r.
+—( %) doy (Tﬂex?r regn r"‘(’ o E}'x ‘rydr
P

Integrating both side of the above inequality from t- to ¢, t £ I and by making the change of

variables we get:

z(t) = _I"E'I:gD (s) exps E"’t}dgd_s forte I. ... (3.6)

Using (3.6) in (2.8), yields the required inequality in (3.2).u

(c;)
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Since ¢(t) is positive continuous and nondecreasing function for t € I, then inequality

(3.3) can be written as
1+ 976 (2] + ko0 70 [ )

ais) el

Now an application of the inequality given in (€, ) yields desired result in (3.4).

Theorem : (3.2)
Let

'Lt.itj, g(tj £ Cl:'{lr]R+:]r k(t,.?j,b(t,S‘j,C(t,S’j £ C[Der+jr
hit,s,o) EC(E.,R,) and a(t), a'(t) € C(I,R,). p =1
be a real constant, a(t) € C(1,.1,) be nondecreasing with a(t) < t on I,.

(dy)
Let ¢(t) € C(I;,R,) and

a(t)

u? (t) < alt) + J. ¢ (s)u(s)ds
5,

+ J. J. E(stul(r)dr ds

alts) alts)
alt) = ¢

+ J J J h(s,t,0)u(o)do dt ds

ale:) ales) alr:)
+ fj:r=} f:(n} c(s, tT)u(t)dr ds, e (37

for te I, If

1)
=i e oras
- el fz(r:} C'(.S‘,Tj exp ® t=)

: drds < 1 e (3.9)

then
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u(t) <

x(£) I‘"‘ " E, (9)a8

[a(t] + N,exp “Ef £ (6108 +_r|r}D (Y)exp d:,ﬂ]p

2

for t € I, where

D® = {6@I- 1 +a®]+ [ kD (-

alt=)
T

+ a(1)]dr + J f (e, 7,0) [(p— 1)

el mle=)
+a(o)]dodrg,
E;it) =

i {qﬁ () + f:(::} k(t,t)dr + f;,:h} _r;:r:} hit,t,0) do dt }

2

and
),
V== [ | esa|e-D+aw
= — cls.1) |(p— alT
t 1-gq,(p . J
E:'._t::' E:'._t::'
eiT)
+ f D, () exp™ Ve 928 1y dr ds
alr=)
(d)

Let k(t,s), bit,s),h(t,s, o) are nondecreasing in t € I, foreach s € I; and
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u?(t)

a ()

< a(t) + J. k(t, D)u(r)dr

alt=)
ait) g

+ J. J.h(t,s,cr]u(cr]dcrris-i-

alts) mit=)

[2 0y b(85) [ c(s,D)u(r)dr ds

....... (3.10)
For t € I. If
I = e R (A) A
43 =§ iy DB [ e(s, 1) exp ™ T drds <
1
....... (3.11)
then
ulr) =
gt _ oo ) alt) =
[r:.(:‘j + N, exp ‘rﬁif‘} ot o + _Ir:lri D_;[:if:jﬁxp‘r"" (a4 r'i:lf:]
...... (3.12)
fort € I, , where
¥
1
D) =2 {kGWI(p- D +a@]+ [ hebo) [
alt:)
— 1)+ alo)]day,
. 8
E,(8) =-1 k(t.8) + J. h(t8,0)do
P e(e:)
and
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E E
= |- | 569 | ceale-n+am
, = — I,s e(s,1) | (p— a’t
1-qg;|p , :
I'._t::' E:'._t::'
alr)

I~||x':rf' i
+ 54(1,&]93:;:"*‘ E,(#)ad

el t=)

dp | dr ds|.

(ds)
Let e(t,s) € C(Dy,R,) and if

uP(t) = alt) + _I"Ell::;g(';'j {ﬂ.(.';'j + fi{r:} k(s mulmde +

_I"jr:} e(s, o)ul(o)do } ds
o (3.13)
for t € I,. Then
. ' ;
w(t) < [a(rj + [29 D (gexpl B m,.z:] ....... (3.14)

For t €1, , where

r
fr

Ds(® == 9(® [(p ~D+a®+ | k(to)[@-1)

air:)
g
+a(o)]de + J. e(t,o) [(p—1) +a(o)]ds;,
mite)
and
g
E.(t) =Eg(tj 1+k(t,o)do + J. e(t,o) do
5 P ’ aite) ’ |
Proof:
(dy)

Define a function =z(t) by
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a(t) alt)
z(t) = I ¢(s)u(s)ds + f f k(s t)u(t)dr ds
E:':t::' E:':t::' E:':t::'
alt) = T

+ J. J. h(s,t,0)u(o)do dt ds

alta) alt) alts)

o CyclsDu@drds, L (3.15)

Then z(t) = 0, z(t) is nondecreasing for t € I

z(t.) = fj:::} _I":(h} c(s,tiu(r)dtds  .......... (3.16)

Then as in the proof of part (a, ), from (3.15) we see that the inequalities (2.8) and (2.9) hold.

Differentiating (3.15) and using (2.9) and the fact that z(t) is nondecreasing in ¢t , we get:

a (&)

z'(t) = d(a(t) u(a(t))a' () + J. k(a(t), D)u(r)dr a'(t)
(e}
ait) T

+f fh(a(rj,r,cju(ajdadw“(t)

ot mit:)
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<

?l: (a(®)[ - 1)+ a(a(®)]
ait)
+ J. E(a(t),7) [(p— 1) +a(r)]dr

alr=)
alt) T

_|.f J-h(cx(rj,r,CJ[(P—lJ

alt:) alt:)
+ a(o)]do dr ;a'(t)

a ()

1
+=10(@@) + [ ka0

(L=}
alt) T

1 J. J. h(a(t),t,c)do dr ;a'(r) z(t).

alte) mit:)

Therefore, t. =#n = t =[5, one can have:

d

n { (n)exp

|-¢:I el g‘-‘} I~|x 2 kl alflrldr+) ”(N grr hlalflr.olde r:;"r]rx (£)af

gi{gﬁ[a(ﬂj)[(}'ﬂ— 1) +a(a(m)]
ain)

+ j k(a(m), D - 1) + a(d)]dr

el t=)
aln) r

+ [ | [ M0 =D

+ a(o)]do dt}

II:,:‘;[cjsI:rx':E}) rle:: klrxlf}*r]'ri*r+|‘(t_ r;(rc:h:ﬂi':fl‘l’,:?}dﬂ ri*r]ﬂ"':f}rif

exp a' ()
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Integrating both sides of the above inequality from t. to t, t €1, and by making the change

of variables, we get:

B, (8)d8 alf) 2T aan
_|_Jr?' .r (A

zZ(t) = z[tjexpr“[‘ Dy(yp)exp™ dy .. (3.17)

from (3.17), (2.9) and (3.16), we get:

£ =
s [ [ ecnsie-n+am
oir) ale:)
+ z(t)exp ey (9a0
aiT)
IIT
N J’ 3(11|!Ijm:pr1k E(OI0 4t ar s,
alt=)
then
F =
. 1 (8)d8
z(t:) |1—= J J-c[sr]etp "‘(f 50 dt ds
pﬂ:'t}ﬂ:'r}

=

[ 6ot |- +a
. J p
alea) it}
zlt)

[

E (8)de

D, (W) exp a | drds .
ale=}
from (3.8) we obtain that
() = P e (3.18)

The required inequality (3.9) follows from (3.18), (3.17) and (2.8).

(d2)

Fixany T, t. = T = f§,thenfor t. = t = T, we have
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alt)
u?(t) < alt) + [ k(T,t)u(t)dr

aits)
alt) g

+ J. J-h(T_.s,cr]ul:cr]dcrds

alt=) mlt=)

+JE  B(T.8) [, c(s Du(n)dr ds
Define a function z(t,T), t. < t < T by

z(t, T) =
_I";'j E(T,t)u(r)dr + I":Il:i f::r=} h(T,s,c)ulo)do ds +

i.;h;. b(T,5) [, c(s Du(z)dr ds
ceenn(3.20)

Then z(t,T) = 0, z(t,T) is nondecreasing for t € I, ,

z(t., T) = _I"i(h} b(T,s) _I":I:h}r:(s,rju(r]d’: ds | ... (320

and inequality (3.10) can be written as

P (t) < a(t) ¥=z0T), L=t T 0 Ll (3.22)

Then as in the proof of part (a,), from (3.22) we see that the inequalities (3.23) hold.

w(@) g &R 2@, 56D ey (3.23)
7 7 7

Differentiating (3.20) and using (3.23) and the fact that z(t, T) is nondecreasing in t , we get:

z2'(t,T) = k(T,a(t) Jula(t) )a' ()

| J. R(T a(t), c)ula)de a'(t)

o

Vol: 11 No:1, January 2015 171 ISSN: 2222-8373



L FOR PURE SCIENCES

.4

Retarded Integral Inequalities with Iterated Integrals
Ali W.K. Sangawi'? and Sudad M. Rasheed'*

k(r,a(®)[(e— 1) + a(z(D)]

==

alt)

+ J. h(T,a(t),o) [(p— 1) + alo)]ds ;a'(t)

alt=)
+2{kir a@®) + [0 AT a(t),0) do}a' (D2(T),

.. (3.24)

for t. < Tbysetting t = ¢ in(3.24) and integrating it with respect to & from . to T and

by making change of variables we get:

z(T,T)

< 2(t., T)exp’ a[r {k (T Ier”‘ I'ﬂ.;}.i.;] a

a(T)

I—f{k(r,m[(p—l)m(w)]

alt:)
P
4 f R(T,9,0)[(p — 1) + a(0)]do)
alt:)
Ty
exp Jae 5 = k|r9}+l' a(t) y I8, a}da} dip.

Since T is arbitrary from (3.25), (3.23), (3.22) and (3.21) with T replaced by t ,one can

get:

Z[t t:J th t exp‘rlx([ ”"'"'q:"hr fe] hiled r-:fl.-.l.u—}

O kw0 +a@l+ [X hCGwole- 1+

5 | k(£8)+ [ Rle6.0) 4o |af

alo)lda} exp™ dil,
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uf (t) = alt) +=z(t,t) ,

and
uit) = ;13{(? —D+al®)+z(t)) <

.(p — 1)+ a(t) + z(t, t)exp "‘(f B 0028 +

f“.':?, ()explt O

o

di,ir II*,

and

z(t., t) = _Irf(h} b(t,s) f:(n} ¢(s, Du(t)dr ds

from (3.29) and (3.28) one can get:

z(t, t)
[ s
] r 1
= hit =) r(= 1) 5 (p—1)+ alt)
alt alt)
+ =z(t., T)exp af: E (6e8
aiT)
N J' D, (e Elﬂ}dﬂdw
alt=)

dr ds.

Since z(t, T is nondecreasing and nonnegative fort € I, and 7= s= t= f§ then
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Ll

[ e i
1 . . I"H.'. o I.-

z(t.,t) [1—— J b(t,s) J c(s, 1) exp""(“-’g"‘g}dﬂ dr ds]

P

ol te) aite)

g 5
= J. b(t, =) J. c(s, 1) 1—1]{(? — 1)+ al1)

@t a(t=)
alt)

+ J. Dy(y)eap

el t=)

alt) _ .
.r:‘l_l E_i'-.g:'dg [,Lq[;} [,E'{. [,L‘_-,'_

From (3.11) which implies
Z(t = Ny T N (3.30)

The required inequality (3.12) follows from (3.30), (3.26), and (3.27).

(d3)
Define a function z(t) by

z(t) = _ri:'rrg g(s) {u (s) + f:(::} k(s c)u(o)do +

4

_I"'E els alula)da }ds

alt)

ce(331)
Then z(t) = 0, z(t) is nondecreasing for t € I, , z(t.) = 0.

Then as in the proof of part (&, }, from (3.31) we see that the inequalities (2.8) and (2.9) hold.

Differentiating (3.31) and using (2.9) and the fact that =z(t] is nondecreasing in t, we get:

z'(t) = g(a(t))
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a(t)

u(a(t)) + J k(a(t),o)u(o)do

B
+ f e(a(t),o)u(o)do | a'(t)
el =)
<29 (0~ 1 +a(@®) + [ k()0 [( -
11+ ald)]dr + _Irj:h} alax(t),m) [(p—1) + ala)]ds) a'(5) +
elt)

Lg(a(0) 1 + [59 ka(®), o)do +
[feyela®,0)do} 'Oz

alt=)

Therefore, t- = 7 = t = [7, one can have

i {Z (nje:xp.r;%@;ﬂ:(ﬁ':'[l+ 'F:Ef?: ke (E)LeleT +‘|‘If(r=: ea(E)a)dala’ L't_;':lﬁ'f}
dn
aln)
p—1)+a(aln)+ f k(a(n), &) [(@ - 1)+ /e(a)]de
mia)
B
+ f e(a(n),a)[(p — 1) + alo)]ldo
alte)

o (¥ B - .
exp o7 (e(EN+[5 e (ae)do + ) o (alDdedacle ()aE 0.

Integrating both sides of the above inequality from t. tot, t € I, , since z(t.) = 0, and by
making the change of variables we get:
|~_||x':rf'

2(6) < [0 Ds () exp™

The required inequality (3.14) follows from (3.32) and (2.9).

EEE gy (332)
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Conclusions

We have constructed some iterated integral inequalities then extended to the iterated
retarded integral inequalities. And also explicit bounds to unknown functions in each integral

inequalities are given.
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