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Abstract

As a complement to the former work of GZ-regular modules, in this paper along the lines of Z-
regular modules due to Zelmanowitz, we improve the study of the endomorphism ring of Z-
regular modules to GZ-regular modules. We give a sufficient condition on GZ-regular module
M such that S = End(M) is m-regular ring and we prove that R-module M is GZ-regular if
and only if S = End(M) is m-regular ring in case that M is a projective finitely power
generated R-module. Also we show that for a GZ-regular R-module M, the center of S =
End(M), Cen(S), is m-regular ring. Even further if M is a GZ -regular R -module then
R/ann(M) is dense in Cen(S).

Keywords: endomorphism ring, Z -regular module, GZ -regular module, m -regular ring,

projective module.
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Introduction
Throughout this paper all rings are commutative with identity and all modules are left unitary,
unless otherwise stated. For an R-module M, S = End (M), T(M) and Cen(S) will be denote
the endomorphism ring of M, the trace of M and the center of the endomorphism ring S =
End (M) respectively. It is well known that a ring R is called regular (in the sense of Von
Neumann) if for each a € R, there exists b € R that aba = a [1]. McCoy in [2] was
generalized the concept of regular rings to m-regular rings, a ring R is said to be m-regular if for
each a € R there exist b € R and a positive integer n such that a®ba™ = a™. Just like the
concept of regular rings was extended to modules in two different ways by Feildhouse[3] and
Zelmanowitz[4], the concept of -regular rings extended to modules in [5] and [6] to two non-
equal concepts. Following [7], we denoted Fieldhouse’ and Zelmanowitz’ regular modules by
F-regular and Z-regular modules respectively. Recall that an R-module M is F-regular if each
submodule of M is pure [3] and an R-module M is Z-regular if for each m € M there exists f €
M* = Hom (M, R) such that f(m)m = m [4]. Generalizing these concepts, an R-module M is
called GF-regular if for each x € M and r € R, there exist t € R and positive integer n such
that r™tr™x = r™x [5]. And in a parallel form an R-module M is said to be GZ-regular if for
each x € M and for each r € R, there exist t € R and a positive integer n such that
r'*tr*f(x)x =r"x for some f € M"=Hom(M,R) [6]. According to the latest
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generalizations, a ring R is m-regular if and only if R is GF-regular R-module if and only if R
is GZ-regular R-module [6]. GF-regular modules and GZ-regular modules studied extensively
in [5,6,8].Thus, the primary goal of this paper will be to study the endomorphism ring of the
GZ-regular module M, S = End(M), and study the relationships between S and a number of
concepts like the trace of a module M, T(M), m-regular rings, the center of S, Cen(S) and
others. In [4] Zelmanowitz was proved that the endomorphism ring of a Z-regular module need
not be Z-regular. Motivated by this fact we investigate whether the endomorphism ring S =
End (M) of a GZ-regular R-module M is m-regular or not. Also we show that if M is finitely
power generated R-module, then S = End(M) is m-regular ring and we show that if the
endomorphism ring of an R-module M, S = End (M), is rt-regular then the endomorphism ring
of any direct summand of M is m-regular. Moreover for every GZ-regular R-module M the
center of the endomorphism ring of M, Cen(S), is m-regular. Furthermore we give examples to
explain and support some statements. The rest of the paper is organized as follows. Section 2 is
devoted to set up notation and terminology that is not part of the main work. The important of
this section is to delineate concise results that are not original but are needed for the paper.
Section 3 address the issue of the trace of a GZ-regular R-module M, T(M), and we
encountered this issue in connection with the notion of the endomorphism ring of a GZ-regular
R-module M, S = End(M), and its center, Cen(S). Finally, in Section 4 we present the main
results of our work considering the endomorphism ring of a GZ-regular R-module M, S =
End (M), and its relationship with m-regular rings, T (M), Cen(S) and others.

Preliminaries:

In this section we survey some previous not original results of related work which is not part of

the technical contribution but is needed in the rest of the paper.
In [6] the author introduced the following definitions.

Definitions 2.1: An R-module M is said to be GZ-regular if for each m € M and for each s €

R there exist t € R and a positive integer n such that s™ts™f(m)m = s™"m forsame f € M* =
Hom(M, R). Every Z-regular R-module is GZ-regular and a ring R is called GZ-regular if and

only if R is GZ-regular as an R-module [6].
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Recall that M is GF-regular R-module if for each m € M and s € R there existt € R and a
positive integer n such that s™ts™m = s™m [5].

Every F-regular module is GF-regular and a ring R is GF-regular if R is GF-regular as an R-
module [5].

Aring R is -regular if and only if R is GZ-regular R-module if R is GF-regular R-module [6].
It is well known that any Z-regular module is F-regular, but the converse may not be true in
general [7]. Analogously, over any ring a GZ-regular module is GF-regular, but the converse
need not be true [6]. The following proposition gives a condition such that the converse true
[6].

Proposition 2.2: [6] Let m be an element of GZ-regular R-module M, then for each s € R there

exist t € R and a positive integer n such that ann(s"m) = ann(f(m)s™t) and f (m)s™t is an
idempotent element.
Proposition 2.3: [6] Suppose that M is a projective module over a ring R. M is GZ-regular

module if and only if it is GF-regular.
The following concept introduced in [5]:

Definition 2.4: Let P be any submodule of an R-module M. P is said to be G-pure if for each

s € R, there exists a positive integer n such that s"M N P = s™P.

Every pure submodule is G-pure [5].

There are many characterizations of GF -regular modules and GZ -regular modules. The
following theorem appears in [5].

Theorem 2.5: [5] Let R be any ring. The following statements are equivalent:

(1) M is a GF-regular R-module.

(2) R/ann(m) is a m-regular for each 0# m € M.
(3) For each m € M and s € R there exist t € R and a positive integer n such that s"*1m =

s"m.

(4) If N is any submodule of M, then N is G-pure.
(5) For each m € M, there exists u € R and a positive integer n such that Ru™m is a G-pure
submodule.

(6) In case M is finitely generated R-module, then R /ann(m) is a m-regular ring.
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The concept of finitely power generated submodule introduced in [6]. Recall that a submodule

N of an R -module M is power generated if N is generated by the set E =
{s;'my, s;2m,, ...} where s; € R and n; are positive integers. In case E is finite, then N is said

to be finitely power generated submodule.

Theorem 2.6: [6] An R-module M is GZ-regular if and only if every power generated

submodule of M is projective and direct summed of M.

Corollary 2.7: [6] Every finitely power generated GZ-regular R-module is projective.

Corollary 2.8: [6] Every countable power generated GZ-regular R-module is projective.

The following theorem gives same characterization of GZ-regular modules:

Theorem 2.9:[6] The following conditions are equivalent for any R-module M:

(1) M is GZ-regular module.

(2) For any m € M and for any s € R there exists a positive integer n such that the Rs™m is

projective direct summand of M.

(3) For any s;™im; € M where m; € M, s; € R and n; are positive integers i = 1,2,3,....t we

have that Y_, Rs;™m, is projective direct summand of M.

Proposition 2.10: [6] The following conditions are equivalent for any projective R-module M:

(1) M is GZ-regular,

(2) For any m € M and s € R there exists a positive integer n such that the Rs™m is a direct
summand of M.

Proposition 2.11: [6] Suppose that M is a projective R-module. M is GZ-regular R-module if

and only if every finitely power generated submodule of M is direct summand.

3. The Trace of GZ-reqular Modules:

Recall that the trace of an R-module M is :
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where M* = Hom(M, R). It’s obvious that T (M) is an ideal of R and it is called the trace ideal
of M, we denote it by T. It is known that if M is projective module on R, then T(M) = M and
T is pure ideal [6], which implies that T is G-pure ideal, also ann(T) = ann(M)T [8].

The following proposition shows that the trace of GZ-regular modules satisfies the same

properties without assuming the module to be projective.

Proposition 3.1: Let M be a GZ-regular R-module then:

L) TM) =M.

(2) T is G-pure ideal in R can be generated by idempotent elements.
(3) ann(T) = ann(M).

Proof:

(1) It is clear that MT € M and M is GZ-regular module, then for each m € M and for each
r € R,thereexistt € R and a positive integer n such that rtr™f(m)m = r™m forsome f €
M* = Hom(M,R). But f(m) € T, therefore r™m € MT. Take r=1 we get that m € MT and
hence M € MT which implies that MT = M.

(2) ltisclearthat r™T < T nr™R for each r € R and for each positive integer m. Now let t €
TNnr™R,thent € Tand t = r™y for some y € R. We have to prove that t € r™T.Since t €
T, then t = Y7*; h;(x;) where h; € M* and x; € M. Because M is GZ-regular R-module, so
for each x; € M and for each r € R, there exist s € R and a positive integer k such that
risrkf(x)x; = r*x; for some f; € M* = Hom(M,R) . Therefore r*t =YY" h(r¥x)) =

i=1 hi(rsT* fi (xi)x).

Putw; = fi(x;)r*s givs w; = w? and r*w; = w;r*x;[6, Proposition 3.2.3]. Since this is true

foreachr € R,thenW =1—-[[L;1—w; €T.
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Thus Wx; = Rx; , so t =r*t and hence t € r*T which means that T nr*T < r*T .

Consequently, 7*T = T n r*T and this means that T is a G-pure ideal.

Now to prove the other part, let t € T, then t = Y’ h;(x;) where h; € M* and x; € M. Since
M is GZ -regular R -module then there exist f; € M* such that r*sr¥f(x)x; = r*x; ,
i=1,2,3...n. Asw; = w? for eachr € R, thent = ¥, h;(x;) and T can be generated by an
idempotent element.

(3) By (1) M = MT, then anng(T) € anng(M). On the other hand let t € T, hence t =
Y1 hi(x;). Suppose that r € anng(M), so rt = X1~ h;(rx;) = 0. Therefore r € ann(T)
and ann(T) = ann(M). m

4- The Endomorphism Ring of GZ-Reqular Modules:

In this section we investigate the relationship between a GZ-regular R-module M and its

endomorphism ring S = End (M) and we seek answers to the questions:
(1) If M is GZ-regular module, is S = End(M) a m- regular ring? And
(2) When does the converse of (1) become true?

Also we investigate the answers for the questions with respect to the center of the

endomorphism ring of M which we denoted by Cen(S).

Lemma 4.1: Let M be an R-module. The endomorphism ring S is a r-regular if and only if for
each f € S there exists a positive integer n such that Ker(f™) and Im(f™) are direct

summands of M.

Proof: Let S be a m-regular endomorphism ring, then for each f € S there existg € S and a
positive integer n such that f*g f™ = f™. Therefore by [10, Theorem 8, p: 23] there exist

glIm(f™) splits the exact sequence.

0- Ker(f™) = Ker(fM)®@Im(f™) = Im(f") - 0
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and gf™ splits the exact sequence
0 = Im(f™) - Ker(f")®Im(f™).

This means that the following diagram is commutative [11].

0 — Ker(f") M Im(f") — 0
~fia ~) =t

0— Ker(/”)l.k:/;,Ker(f") &) Im(f")”—* Im(f")— 0
¢ Im(f™)

which implies that Ker(f™) and Im(f™) are direct summand of M.

Conversely, suppose that for each f € S, there exists a positive integer n such that Ker(f™)
and Im(f™) is direct summand of M. Then there exists g, Im(f™) - M such that ygf™ =y
foreach y € Im(f™),thatis xf"gf™ = xf™ for each x € M. But Im(f™) is a direct summand
of M, so we can extend g to g on M by taking g = 0, on the other supplement of the summand.
Therefore, for any x € M, xf"gf™ = xf™ which implies that f*gf™ = f™. Thus S is m-
regular ring. m

The following example shows that there is a GZ-regular module M = P @ N such that the
endomorphism ring of P and the endomorphism ring of N are m-regular rings, but M* =

End(M) is not r-regular.

Example 4.2: Let F be field. Put ; =F,i€l. Let R=[[2,F;. Let P=R and N =

i?IF" c[l2,F;=R.Let M =P@N, then P, N and M are Z-regular module [11] and

hence, P, N and M are GZ-regular. Again by [11] End(P) = R =~ End(N) are GZ-regular
rings, so m-regular rings. Now we claim that End (M) is not -regular ring. For, let f be the

endomorphism of M defined such that f™: (x,,x,) — (x,,0) for same positive integer n,

therefore Im(f™) = ieea F; € R = P. Since Im(f™) =@, F; is not a direct summand of R,

I

then Im(f™) = ieea F; is nota direct summand of M = P @ N [11]. Consequently, by Lemma

I
4.1 End(M) is not c-regular ring. m
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Concerning question (1) we do have the following:

Proposition 4.3: If M is a GZ-regular finitely power generated R-module, then End (M) is r-

regular ring.

Proof: Let f be an endomorphism of M of such that there exists a positive integer n with f™ €
End(M). Since M is finitely power generated, then Im(f™) is finitely power generated
submodule of M. Because M is GZ-regular, so by [6, Theorem 3.2] Im(f™) is projective and

direct summand of M. Now we have the exact sequence
0- Ker(f") > M- Im(f™*) -0

Since Im(f™) is projective, therefore by [10, Theorem 1.2.8] the above sequence is split and
this means that M = Im(f™) @ Ker(f™). Thus End(M) is m-regular ring by Lemma 4.1.m

It is well know that if M is an R-module, N is a direct summand of M and = is the projection of
M onto N, then  is an idempotent of S = End(M) and End(N) = nSm. Also it is known that
if R is m-regular ring and x € R, then there exist y € R and a positive integer n such that x™ =

x"yx™, by taking e = x™y we get that e is an idempotent element satisfies Re = Rx™.

Lemma 4.4: Let M be an R-module and N be any direct summand of M. If End(M) is -

regular ring, then End(N) is m-regular ring.

Proof: Let N be any direct summand M and & be the projection of M onto N. We that that
End(N) = nSt, but mS is m-regular ring for any m-regular ring S and any idempotent = € S,

therefore End(N) is m-regular ring.m
To answer question 2 we give conditions such that the converse of Proposition 4.3 is true.

Theorem 4.5: Let M be a projective finitely power generated R-module. M is GZ -regular

module if and only if End (M) is m-regular ring.

Proof: If M is a GZ-regular module, then End(M) is m-regular ring by Proposition 3.4.
Conversely, suppose that End (M) is a m-regular module. If M is cyclic module and since M is

projective finitely power generated, then for each r € R there exists x € R such that M =

Vol: 12 No:3, July 2016 87 ISSN: 2222-8373



DIYALA JJOURNAL FOR PURE SCIENCES

]
T
e

Endomorphism Ring of GZ-Regular Modules

Areej M. Abduldaim

Rr™x for some positive integer n such that v"x = e = e? € R, hence, it is clear that
End(M) = Re. Since End (M) is m-regular ring, therefore End(M) is GZ-regular R-module
[5]. Thus Re is GZ-regular module which implies that M is a GZ-regular module. Now for any
module M, by the dual basis Lemma, let {ri"ixl-}ie, be a generating set of M and {f;}ic; ©
End (M) such that for each x € M we have that f;(x) = 0 for all but finite number of i and x =
Yier fi(x) " "x; . Define the map P;: M — Rr;"ix; by P;(x) = f;(x)r/"x; for each x € M.
Therefore P; is an endomorphism of M. Since End (M) is m-regular ring, then by Lemma 4.1
we get that P;(M) is a direct summand of M and hence, a direct summand of Rri”ixi, S0 P;(M)
is cyclic and by Lemma 4.4 the endomorphism of P;(M) is m-regular. Hence, by the first part

of this theorem we conclude that P;(M) is a GZ-regular module. Now by [6, Proposition 3.4.2]

and [5, Corollary 24] the module iEEIPL- (M) is GZ-regular. However, M = }};; P;(M), so it
is clear that there is a natural epimorphism ieEaIPi(M) - YiegPi(M) - 0. Since M =
Y.ier P;(M) is projective, then M is direct summand ofiEEBIPi(M) [10, Theorem 1.28, P:23],

but ieeBIPi (M) is GZ -regular module wherefore M is GZ -regular module again by [6,
Proposition 3.4.2] and [5, Corollary 24]. m

In the rest of this section we study the center of the endomorphism ring S = End (M), which
we denoted by Cen(S). We showed in example 4.2 that the endomorphism ring of a GZ-regular

module need not be m-regular ring. However, in the following proposition we prove that

Cen(S) is m-regular ring.

Proposition 4.6: Let M be an R-module. If M is GZ-regular, then Cen(S) is m-regular ring.

Proof: Let f € Cen(S), since M is GZ-regular module then for each x € M, there exist g €

M* = Hom(M, R) and a positive integer n such that

w () v(OW" () g(f ())f (x) = w" (O f (x)

where w,v € M* = Hom(M, R). But since f € Cen(S), therefore
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W) f () = w()vw" () g(f ())f () = wh()vw" ()f (9(0))f (x) =
w ()W f (f (1)) g(x) = wh()v()w™ (x)f*(x) g (x).
Now we can write w™(x)x as the following:
w(x)x = wh()v)w™ () f (x)g(x) + [w"(x)x —w™ (x)v)w™ (x) f (x) g (x)].
It is clear that
wr()v)w" () f(x)g(x) € Im(f).

Now

fw"x —w" (W) f () g(x) = fFW"(0)x) —w" )v)w" (x)f?(1)g(x) =
fW@)x —wr(x)f(x) = wr () f(x) —w"(x)f(x) = 0.

Thus

M = Im(f) + Ker(f),

but if f(x) € Im(f) N Ker(f), then £ (x) € Ker(f), which implies that £ (£ (x)) = f2(x) =
0, and hence f(x) = 0. Thus M = Im(f)®Ker(f), so Cent(S) is m-regular ring by Lemma
41 m

Remark 4.7: Let M be an R-module, define a map f:R - End(M) by f(r) = f,, where
fr(x) =rx for all x e M. It is clear that f is a ring homomorphism and that Ker(f) =
ann(M). Hence by f we can consetruct a ring homomorphism g: R/ann(M) —» End(M)
such that g(r + ann(M)) = f(r) and g is a monomorphism, consequently it can be consider

R/ann(M) as a subring of End (M) and moreover R = R/ann(M) € Cen(s).

We mention that if f:M — R is homomorphism, then for each y € M define the
homomorphism, f,: M — M by f,(x) =y f(x) forall x € M [13].

The following proposition and its corollaries appears in [12]
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Proposition 4.8: Let M be an R -module. If T(M) is generated by an idempotent and
ann(M) = ann(T), then Cen(S) = R/ann(M).

Proof: Let g € Cen(S), then g o f, = f, o g for each y € M, where f,(x) = yf(x) for each

x € M as defined above. Thus g o f,(x) = f, 0 g(x), that is g (fy(x)) = f,(g(x)), which

means that g (y(f(x))) = yf(g(x)). Hence f(x)g(y) = y.f(g(x)) ... (*). Since T(M) is
generated by an idempotent e = e? € T(M), then e = Y ;¢; fi(x;), where x; € M, and f; €
M* = Hom(M,R) . Therefore e.g(y) = Yier fi(x;) g(y) for each y € M, so that by (*)
g(e.y) = Yier fi(x;) y. Because ann(M) = ann(T(M)), thus e. g(y) = g(¥), which implies
that g(y) =ry = @,y where r =Y, fi(g(x;)) € R . Consequently g € R/ann(M) and
hence Cen(S) € R/ann(M). Therefore Cen(S) = R/ann(M). m

Corollary 4.9: Let M be an R-module such that T(M) = R, then Cen(S) = R.

Proof: Since ann(M) < ann(T(M)) for any R-module M and since ann(T(M)) = 0, then
ann(M) = ann(T(M)) = 0. Hence, by Proposition 4.8 we have that Cen(S) = R. m

Corollary 4.10: Let M be an R-moudle. If M is finitely generated projective module, then
Cen(S) = R/ann(M).

Proof: Since M is finitely generated projective module, then T(M) is finitely generated [9].
Also since M is projective, then T(M) is pure and ann(T(M)) = ann(M) [14]. Now we have
that T (M) is pure and finitely generated, so T (M) is generated by an idempotent [9]. Therefore
by Proposition 4.8 we have that Cen(S) = R/ann(M). m

With the following definition which appeared in [15] we can use GZ-regular modules to study
the behavior of R/ann(M) in Cen(S).

Definition 4.11: A subset D of S = End(M) is said to be dense in S if for every finite set

{x1, e en x,} Of elements of M and any a € S, there exists § € D such that a(x;) = §(x;) for
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Theorem 4.12: Let M be an R-module. If M is a GZ-regular module, then R /ann(M) is dense
in Cen(S).

Proof: Let N be a submodule of M generated by the set {xy, ... ... x,}0f M. Since M is a GZ-
regular, then by [6, Theorem 3.3.2] there exists a projective submodule K of M such that M =
N @ K. Let B: M — M be a homomorphism defined by B(n, k) = (n,0) for eachn € N,k €
K and let f € Cen(S), accordingly for 8 = S o f. Put fy = f|N then fy € End(N) = S (for
if fy:N>MbutfoB(M)=pLof(M)=pL(f(M)) < N,thus fy: N - N). We have to prove
that fy € Cen(S), let g € S, then g can be extended to an endomorphism of M, defined by
P(n, k) = (g(n), k) for each n € N,k € K. Therefore f o p = p o f which implies that g o
fv = fneg. Since N is projective by [6, Theorem 3.3.2] and finitely generated, then by
corollary 4.10 there exists r € R, such that f(x;) = fy(x;) = rx; where 1 < i < n. There fore
R/ann(M) is dense in Cen(S). m

Recall that an element m in an R-module M is L-regular if there exists « € M* = Homgz(M, R)
such that (a(m))? = a(m) and m — a(m)m € L(M). An R-module M is L-regular if each
element of M is L-regular. A ring R is L-regular if R is L-regular as an R-module [16]. The
following diagram shows all implications among these properties (with no other implications

holding, except by transitivity):

4 ]

F-regular modules — TRGUIRT TR — Z-regular modules

|

<:I mr-regular rings :>

|

L-regular rings

|

vV ‘V'
GF-regular modules L-regular modules GZ-regular modules

R
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Conclusion

In this work we study and investigate the relationship between GZ-regular R-module M and
their endomorphism rings S = End(M). In particular we describe GZ-regular modules whose
endomorphism rings are r- regular. Moreover if M be a projective finitely power generated R-
module, then M is GZ-regular module if and only if End(M) is m-regular ring. On the other
hand we proved that if M is GZ-regular module, then Cen(S) is m-regular ring. Finely we
exploited GZ-regular modules to study the behavior of R /ann(M) in Cen(S) such that if M is
a GZ-regular module, then R/ann(M) is dense in Cen(S).
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